ROHLIN FLOWS ON VON NEUMANN ALGEBRAS 

TOSHIHIKO MASUDAi AND REIJI TOMATSU^ 



Abstract. We will introduce the Rohlin property for flows on von Neumann 
algebras and classify them up to strong cocycle conjugacy. This result provides 
alternative approaches to some preceding results such as Kawahigashi's classi- 
fication of flows on the injective type IIi factor, the classification of injective 
type III factors due to Connes, Krieger and Haagerup and the non-fullness of 
type IIIq factors. Several concrete examples are also studied. 



1. Introduction 

In this paper, we study flows on von Neumann algebras. Our purpose is to 
classify highly outer flows called Rohlin flows. 

A flow, that is, a one-parameter automorphism group, appears in many scenes 
in the theory of operator algebras, and it has attracted attention among opera- 
tor algebraists. We have known some examples of classiflcation of non-periodic 
flows on injective factors. In [19], Haagerup has solved the Connes' bicentral- 
izer problem for injective type IIIi factors. As an important consequence, the 
uniqueness of the injective type IIIi factor follows. In other words, trace scaling 
flows on the injective type IIqo factor are (cocycle) conjugate to one another if 
their Connes- Takesaki modules are equal. In the type IIi setting, Kawahigashi 
has studied several kinds of flows on the injective type IIi factor [301 ED Ell 133] . 
Among them, he has obtained the classiflcation of flows on the injective type IIi 
factor such that they have the full Connes spectrum and flx a Cartan subalgebra. 

We can expect that these examples may possess some sort of right "outer- 
ness", and consequently they are classiflable. Thus it is a natural attempt to 
give a comprehensive method of classifying flows on von Neumann algebras. In 
classiflcation of group actions, "outerness" , which, to be precise, includes the cen- 
tral freeness, is considered as an essentially important notion. In this point, the 
usual pointwise outerness is known to be not so sufficiently strong that we can 
classify flows up to cocycle conjugacy. Indeed, Kawahigashi has found a family of 
non-cocycle conjugate outer flows on the injective factor of type IIi [33j. Thus it 
is conceivable that both pointwise outerness and pointwise central non-triviality 
are not right notions of "outerness" for flows. 

One formulation of "outerness" is to observe how non-trivially a given group 
is acting on a central sequence algebra. This is the case for actions of discrete 
amenable groups [SI EH 1211 or duals of compact groups [171 SH]. A flow, 
however, causes a serious problem concerning discontinuity on a central sequence 
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algebra M^. One prescription of that is to focus on the much smaller subalge- 
bra Mt^^Q, which consists of (a, Ci;)-equicontinuous sequences (see Definition 13 ■4p . 
Then the Rohlin property, which has been introduced by Kishimoto to flows on 
C*-algebras [3^ and later by Kawamuro to flows on finite von Neumann algebras 
[35] . can be a candidate of "outerness". This property means that we can find 
out a unitary eigenvector in Mt^^o with the eigenvalue p for any p G M. 

Assuming the Rohlin property, we will prove the following main theorem of 
this paper (Theorem I5.14p . 

Theorem 1. Let a, (3 be Rohlin flows on a von Neumann algebra with separable 
predual. Then a and (3 are strongly cocycle conjugate if and only if atf3-t is 
approximately inner for all t G M. 

We emphasize that either the factoriality or the injectivity are not required in 
our assumption. For injective factors, we obtain the following result in terms of 
the Connes-Takesaki module (Corollary 15.1 5p . 

Corollary 2. Let a, (3 be Rohlin flows on an injective factor. Then a and f3 are 
strongly cocycle conjugate if and only ifmod{at) = mod(/3t) for all t G R. 

It turns out that if a flow a on the injective type IIi factor fixes a Cartan sub- 
algebra and the Connes spectrum r(a) equals R, then a has the Rohlin property. 
Thus Theorem [1] implies the following Kawahigashi's result (Theorem 16. 4p . 

Theorem 3 (Kawahigashi) . Let a be a flow on the injective type IIi factor M. 
If a pointwise fixes a Cartan subalgebra of M, and T{a) = R, then a is cocycle 
conjugate to a product type flow, and absorbs any product type flows. Thus such 
action a is unique up to cocycle conjugacy. 

Thanks to works due to Connes and Haagerup, a modular automorphism group 
on any injective factor is an approximately inner flow, and hence the dual flow has 
the Rohlin property (Theorem 14.111 Proposition 14. 19p . Then Theorem [1] implies 
the following result (Theorem 16. 17p . 

Theorem 4 (Connes, Haagerup, Krieger). Let Mi and M2 be injective factors 
of type in. Then they are isomorphic if and only if their flows of weights are 
isomorphic. 

This paper is organized as follows. In Section 2, the basic notions such as the 
core of a von Neumann algebra and an ultraproduct von Neumann algebra are 
reviewed. 

In Section 3, to a Borel map a: R — > Aut(M), we introduce the notion of 
(a, a;)-equicontinuity and the (a, C(;)-equicontinuous parts and M^j^a of M.'^ 
and M(^, respectively. 

In Section 4, the Rohlin property and the invariant approximate innerness are 
introduced. We show they are dual notions to each other. 

Section 5 is devoted to proving the main classiflcation result. We flrst prove the 

2-cohomology vanishing for Borel cocycle actions of R with Rohlin property. We 

next obtain the approximate vanishing of the 1-cohomology of a Rohlin flow. We 
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show that by disintegration, it suffices to prove the main theorem for centrally 
ergodic flows. Then the Bratteli-Elliott-Evans-Kishimoto intertwining argument 
achieves strong cocycle conjugacy 

In Section 6, we apply the main result to give alternative proofs of some known 
results: Kawahigashi's results about flows on the injective type IIi factor, the 
classification of injective type III factors (assuming Haagerup's work on a bi- 
centralizer) and the non-fullness of an arbitrary type IIIq factor, more precisely, 
the approximate innerness of a modular automorphism group. We also discuss 
results obtained by Hui and Aoi-Yamanouchi in [H |22]. Some concrete examples 
of Rohlin flows are given. In particular, we will classify product type flows and 
quasi-free flows coming from a Cuntz algebra up to cocycle conjugacy. 

In Section 7, we will give a characterization of the Rohlin property which states 
that a flow a on a factor M has the Rohlin property if and only if a is faithful 
on Mt^,Q,. 

In Section 8, we will pose a plausible conjecture on a characterization of the 
Rohlin property. Some unsolved problems are also mentioned. 

We will close this paper with appendix in Section 9, where basic results on 
measure theory and a disintegration of automorphisms are studied. Also, with 
some assumptions on a factor, we will show that the condition of Theorem [T] 
derives an approximation of at by Adf (t) o /3j with v being a continuous unitary 
path. 
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2. Preliminary 

Throughout this paper, we mainly treat a von Neumann algebra with separable 
predual unless otherwise noted. 

2.1. Notation. Let M be a not necessarily separable von Neumann algebra. Let 
us denote by M^, M^, M^^ and Mi the set of unitaries, projections, partial 
isometries and contractions in M, respectively. The center of M is denoted by 
Z(M). The set of faithful normal semifinite weights is denoted by W{3VV). 
For a G Aut(M), a G M and ip G M.^:, let a{ip), aip, ipa, [a, ip] G be 

a{ip) := Lf o a"-*-, Lpa{x) := (fiax), aip{x) := (^ixa), [a, Lp] := aLp — Lpa, 

respectively. For a G M and (f G (M*)+, we define the following seminorms: 

||a||^ := ip{a*ay/^, \\a\\l := 2-'^\^{a*a) + ip{aa*)y/\ 

In this paper, {"K, J, CP} denotes the standard Hilbert space of M (see [H] for 
the notations). We regard !K as an M-M-bimodule as follows: 

x^y := xJy*J^, x,yeM, ^ E :K. 

For a G Aut(M), there uniquely exists a unitary U{a) on J-C such that a{x) = 
AdU{a){x) for x G M, JU{a) = U{a)J and f/(a)y = We use the notation as 
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a(^) := f/(a)^. Then we have a{x^y) = a{x)a{C,)a{y). Since U{Adu) = uJuJ 
for u e M^, we have AdM(.^) = uS,u* . 

We equip Aut(M) with the -u-topology as usual Namely, a net ax G Aut(M) 
converges to a G Aut(M) if Ci\{ip) — > a{ip) for all ip G M*. Then the map 
Aut(M) 3 a ^ U{a) is strongly continuous. If M is separable, that is, is 
norm separable, then Aut(M) is a Polish group. 

Let us denote by Int(M) the set of inner automorphisms. An automorphism 
which belongs to the closure Int(M) of Int(M) is said to be approximately inner. 

Throughout this paper, we always equip with the usual Lebesgue measure. 

2.2. Actions and cocycle actions. In this paper, we mean by a flow a one- 
parameter automorphism group on a von Neumann algebra, that is, a group 
homomorphism a: R — )■ Aut(M) with the following continuity: 

lim llaffv?) — (y^ll = for all ip G M*, 

or equivalently, 

lim \\at(n - ^11 = for all ^ G JC. 

By M", we denote the fixed point algebra of a. We say that a is ergodic if 
= C, and centrally ergodic if Z(M)" = C. 

A flow a is said to be inner if at G Int(M) for all i G R, and outer if at ^ Int(M) 
for all t G M \ {0}. Thanks to [271 Theorem 0.1] or ^ Theorem 5], if M 
is separable, then an inner flow a is implemented by a one-parameter unitary 
group m: R — 7- M^. See also Corollary 19.141 

An a- cocycle means a strongly continuous unitary path f in M such that 
v{s)as{v{t)) = v{s + 1). The perturbed flow is defined by a"^ := Adv{t) o at. 

Let a and /3 be flows on von Neumann algebras M and K, respectively. They 
are said to be 

• conjugate if there exists an isomorphism 6* : 3\f — )■ M such that at = 6 o 
j3t o 6~^. We write a [5] 

• cocycle conjugate if there exist an isomorphism ^: [N" — )■ M and an a- 
cocycle v such that a^ = o [3t o . We write a ~ /3; 

• stably conjugate if a® ids^p) and (3 ® ids^p) are cocycle conjugate. 

When M = [N, a and /3 are said to be strongly cocycle conjugate if there exist 
9 G Int(M) and an a-cocycle v such that at = 6 o Pt o . 

A Borel cocycle action means a pair (a, c) of Borel maps a: M — )■ Aut(M) and 
c: R^ -> such that for all r,s,t e R, c{s, 0) = 1 = c(0, s), ao = id and 

asOat = Ad c{s,t) o a^+t, 

c(r, s)c(r + s,t) = ar{c{s, t))c(r, s + t). 

The perturbation of (a,c) by a Borel unitary path f : R — )■ is the Borel 
cocycle action {a"", c") defined by 

at := Adv{t) o at, c''{s,t) := v{s)asiv{t))c{s,t)v{s + t)* foralls,tGR. 
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As is well-known, if M is properly infinite, then any 2-cocycle is a coboundary. 
However, the solution presented below is always "big" even if a given 2-cocycle 
is close to 1. 

Lemma 2.1. Let JVl be a properly infinite von Neumann algebra and (a, c) a 
Borel cocycle action o/M on M. Then there exists a Borel unitary path u{t) G M 
such that u{t)at{u{s))c(t, s)u(t + s)* = 1 for all {t, s) e M^. 

Proof. Let if be a separable infinite dimensional Hilbert space. Regard B{H) as 
a von Neumann subalgebra of M such that B^H)' fl M is properly infinite. Let 
{^ij}Tj=i be a system of matrix units of B{H) such that Y2i — 1 ^ii is min- 
imal in B{H). Take an isometry v with vv* = en. Set w{t) := J2i^ii'^(^t{v*eii). 
It is easy to see w{t) is a Borel unitary path, and w{t)at{eij)w{t)* = e-ij. 

Hence we may and do assume that (a, c) is of the form (/3 ® id, d 1) on 
M = 3Nr ® i?(L^(M)) for a von Neumann algebra X C B{K) and a Hilbert space 
K. As given in the proof of [56, Proposition 2.1.3], the following u{t) does the 
job: 

{u{t)^){s) = d{t,s)^{t + s) for alU G ®L2(M), s,teR. 

□ 

Remark 2.2. In the proof above, it turns out that the unitary path w is in fact 
an a-cocycle when a is a flow. Thus if a is a flow on a properly infinite von 
Neumann algebra M, then a ~ a ® idB{H) ■ Indeed, 

a ~ /3 (g) idB(H) ~ /3 ® idB(H) ® idB{H) ~ a (g) idB{H)- 

Hence the stable conjugacy implies the cocycle conjugacy if M is properly infinite. 
When M is finite, this is not true in general (see [331 Theorem 2.9]). 

Let a be a flow on M. we define 7r„(x), A"(t) G M (g) ^(^^(R)) for x G M and 
i G M as follows: 

(7r„(x)0(s) = (A"(t)0(s) = ^{s - t) for ^ G :K ® L\R), s G M. 

Then the crossed product M xi^ R is the von Neumann algebra generated by 
7ia{y^) and A"(R). Note that A"(t) = 1 (g A(t), where A(t) denotes the left regular 
representation. Let us denote by p{t) the right regular representation. 
The dual flow d on M xi^, M is defined as 

ap{7Ta{x)) = TTaix), dp(A"(t)) = e-^^*A"(t) for xeM, p,teR. 

2.3. Core and canonical extension. The core M of a von Neumann algebra M 
is introduced in [16j, and that is generated by a copy of M and a one-parameter 
unitary group {X'^(t)}tm, ^ ^ iy(M). Their relations are described as follows: 
for X G M, t G R and ^ WiJA), 

XP(t)x = af{x)X'P{t), X^it) = [D^ : D^]tX^{t). 

Then the core M is naturally isomorphic to M x^.^ R. 

The restriction of the dual flow 6 of cr*^ on Z{M.) is called the (smooth) flow of 

weights of M [10]. Note that Z{Mf = Z{M). 
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It is known that the flow of weights is a complete invariant for isomorphic 
classes among injective type III factors. We will present a proof of this fact in 
Theorem 16.171 as an application of our classification of Rohlin flows. 

Let 'N be another von Neumann algebra. Any isomorphism vr from M onto !N 
extends to the isomorphism tt : M — K such that for x G M and t G M, 

n{x):=7r{x), ?F(A'^(t)) := A'^'^^t), 

where ip G iy(M) and n{ip) := yjovr"-'^. We call tt the canonical extension of n (see 
[l6lj:heorem 2.4] and ^ Proposition 12.1]). Let 9^ and 9^ be the dual flows 
on M and !N. Then tt intertwines them, that is, 9^^ on = tt o 9^. The restriction 
T^\z[M) • Z(M.) — i- Z^N) is called the Connes- Takes aki module of tt |10j . 

When K = M, we note that the canonical extension Aut(M) 9 a — )■ a G 
Aut(M) is a continuous group homomorphism. 

Let G be a locally compact group and a: G — > Aut(M) an action. For (f G 
Vr(M), we denote by (f the dual weight on M Xq, G. Then we have 

af{7f^{x)) = n^iafix)), (A"(^7)) = 6G{gfX'^{g)na{[Dy^ o a, : D^]t), (2.1) 
where 6g denotes the modular function of G. See [TSl Theorem 3.2]. 

We introduce the action a: G — )■ Aut(M) defined by cXg := cig o 9iogSai9)- Then 
the core of M xIq, G is canonically isomorphic to M G as shown below. 

Lemma 2.3. One has the isomorphism p: (M Xq, G)~— )■ M Xg, G swc/i t/iat 

• p{TTa{x)) = Tiaix) for all X G M; 

• p(A"(c/)) = A"(^) for all g G G; 

• p(A'^(t)) = 7ra(A'^(t)) /or a// G iy(M) anc? t G M. 

/n particular, when G is abelian, we have p o = o p for all p E G. 

Proof. Let !X := M Xq, G and ip G iy(M). Then we have the canonical iso- 
morphisms S^: X — )■ K x^v5 M and A<^: M x^ G — )■ (M x^.^ M) x^, G. Let 
[/ : L2 (G X M) ^ L2 (M X G) be the flip unitary. Set the unitary V eM®L'^(RxG) 
deflned by V{t,g) := 6G{gf[D^ : o a3]„t. 

We will show p := A~^ o Ad V{1 (8) f/) o is the well-deflned isomorphism from 

K onto M x^M satisfying the required conditions. Let x G M. Then S^(7rQ,(a;)) = 
T^a'p{'^a{x)). By (12. ip . we have AdV{l ® t/)(H<^(7rQ,(x))) = 7!'aiT^av{x)). Thus we 
get p{TTa{x)) = iTa{x). FoT G G, wc havc E^{\°'{g)) = TT^{\°'{g)). Recall that 
a:^^(A"(^)) = \''ig)n^{V*g). Thus for ^,77 G :K ® ^^(R x G), we have 

{AdV{l®U){E^{X^{gm,r^) 

= [ dt [ dh{Vt,h-{cr^:ti\''{g))V*^)it,h),vit,h)) 
Jr Jg 

= [ dt [ dh{Vt,H - {r{g)7r^{V;jV*^) {t,h),vit,h)) 
Jr Jg 

= [ dt [ dh{Vt,,af,-^g{V;jV*g^,,at,9-'h),vit,h)) 
Jr Jg 
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= [ dt [ dh{^it,g-'h),ri{t,h)) 
Jr Jg 

Thus p(A"(^)) = A"(^). 

Since S^(A^(t)) = A-'(t) and d,-i(A-"(t)) = 5G{gy'n..{[D^oag : D^]t)X'^' (t), 
we have 

7r5(A'^"(t)) = 7r..(l^(-t,-)*)A'^"(t). 

Then 

\/A'^^(t)l^*7r5(A'^^(t)*) = VX''^{t)V*X''^{tyTT^^{V{-t,-)). 
For (s, (7) G M X G, we have 

{VX'^^{t)V*X'^''{tr) {s,g) = V{s,g)Vi~t + s,gr 

= dcigY'lDip : o ■ 6G{gf-''[D^ : o 

= 7r..(n-t,-)*)(s,^7), 
and l^A'^''(t)\/*7r5(A'^''(t)*) = 1. □ 

Remark 2.4. The previous lemma shows that M is regarded as a von Neumann 
subalgebra of (M Xq This is generahzed as follows. Let !N" C M be an 

inclusion of von Neumann algebras. When there exists an operator valued weight 
T from M onto ?sf, we can regard !N as a von Neumann subalgebra of M in such a 
way that A'^(t) = A'^°^(t) for ip e Wi'N) and t e M. Note that this identification 
depends on the choice of T. If we take T as the canonical operator valued weight 
Tq, : M Xq, G — )■ 7rQ(M), which is given by Tq,(x) = &p{x) dp when G is abelian, 

then the associated map is nothing but tTq, : M — M x^ G. 

2.4. Ultraproduct von Neumann algebras. Our standard reference is [521 
Chapter 5]. Let M be a von Neumann algebra. We denote by £°°(M) the C*- 
algebra of norm bounded sequences in M. Let a; be a free ultrafilter over N. 
An element {x'^)u of i°°{'M) is said to be 

• trivial if a;'^ — )■ as — t- 00 in the strong* topology; 

• u-trivial if x'^ — > as z/ — ?■ w in the strong* topology; 

• central if for all (p G M.,,, || [(p, x'^]\\m, — )■ as — 00; 

• u-central if for all ip G M,,,, || [^9, x^] — > as z/ — )■ w. 

Let ^(M) and be the collections of w-trivial and w-central sequences 

in M, respectively, which are unital C*-subalgebras of £°°(M). Let yi(^{M.) be 
the normahzer of ^^(M) in i°°{M). Then ^^(M) C "^^(M) C ^(M). We often 
simply write and ,yKj for them unless otherwise confused. 

The quotient C*-algebras M'^ := and M^^ := Kj/'^ are in fact von 

Neumann algebras. We call them ultraproduct von Neumann algebras. The quo- 
tient map from onto M"^ is denoted by tt^. Each x G M is mapped to the 
constant sequence ...) G ^^j- Then M is regarded as a von Neumann 

subalgebra of JVC^. 
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Let r'^: M'^ — )• M be the map defined by T'^{'n'ui{{x'^)u)) '■= liiiij^^^ a;'', where 
the hmit is taken in the a-weak topology in M. Then is a faithful normal 
conditional expectation. For ip G M^,, we denote by ip'^ the functional ip o r'^ . 
Any element a G M^j commutes with ip^ , that is, ip'^a = aip'^. 

If M is a factor, then r"^ gives a faithful normal tracial state on M^. We often 
denote the trace by r^. Note that in this case, ip'^ = 'p{1)ti_j on Moj for all ip G M=k. 

Each a G Aut(M) extends to the automorphism a'^ G Aut(M'^) by putting 
a'^{7iuj{ix'')u)) = Ticoi{a{x''))u)- Then a'^iM^) = M^. We often simply write a 
for a'^. 

When a'^ is trivial on M^^, a is said to be centrally trivial. Denote by Cnt(M) 
the set of centrally trivial automorphisms that is a Borel subgroup of Aut(M) as 
shown in Lemma 19.71 

In this paper, the compactness of a subset of "K or M,,, means the norm com- 
pactness. 

Lemma 2.5. If {x^)y G ^ and ^ <Z'K is compact, then sup^g^(||a;'^r7|| + H^^x'^ll) 
converges to as u u . 

Proof. Take C > with C > supj^ ll^^'^ll- Let e > and take 771, . . . , //„ G \E' so 
that any G \I' has some rji with ||?7 — 77111 < e/AC. Using such rji, we have 

Wx^riW + llr^x'^ll < ||x'^(?7 — rii)\\ + Wx^rjiW + ||?7ja;'^|| + ||(?7j — ri)x''\\ 

< Cs/AC + \\x''7]i\\ + \\7],x''\\ + Ce/4C 

< e/2 + maxdlx^'r/ill + 

i 

Thus 

supdlx'^r]!! + ll^^x'^ll) < e/2 + max(||x'^?7j|| + HT^ix'^H) for all u E N. 

If i> is sufficiently close to u, the second term in the right hand side becomes less 
than e/2. Hence we obtain lim^..^.^ sup^g^(||x^?7|| + ||?7x''||) <e. □ 

In a similar way, we can prove the following. 

Lemma 2.6. Let {x'^)u £ '^ui- Then for any compact set \& d CK, sup^gvj, || [x'^ , fjj || 
converges to as v u. 

Lemma 2.7. Let {x^)y G £°^(M) and ^ G a cyclic and separating vector for 
M. Then the following statements are equivalent: 

(1) (x-), G ^; 

(2) For any e > and compact set ^ d'K, there exist 5 > and W E u such 
that if y E Ml and \\yi\\ + \\iy\\ < 5, then s\x\i^^^,{\\x^yrj\\ + Hr^x'^yH) < e, 
and sup^g^dlyx'^r/ll + ||?7?/x'^|| < e for all v G W . 

Proof. (1)^(2). Suppose on the contrary that there exist e > and a compact set 
^ C IK such that for any n E N, there exists ?/„ G Mi with \\ynC,\\ + \\(,yn\\ < ^/n, 
but the following set belongs to u: 

An:= lu eN\ supdlx^'t/nr]!! + \\r]x''yn\\) + sup{\\ynx''r]\\ + WWuX^W) > £^ f • 
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Let Wq := N and Wn := fl ■ ■ ■ fl y4„ fl [ra, oo) for n > 1. We may and do assume 
that Wn 2 Wn+i- For u e Wn\ Wn+i, we set := ?/„. Then {z")^ G Xj, and 
(x'^z'^)i/, (z'^x^)i, G £^uj since (x'^),^ G ./^C. Nevertheless, we have 

sup(||a;''2;'^?7|| + ||r7a;''2;''||) + sup(||2;'^a;'^?7|| + ||?7z'^x'^||) > e for all z/ G N, 

which is a contradiction to Lemma [2.51 

(2)^(1). This implication is trivial. □ 

The following result is probably well-known for experts (see [SI Lemma 2.11] 
for example), but we give a proof for readers' convenience. 

Lemma 2.8. Let be a separable von Neumann algebra and Q a separable type 
I factor. Put X := M (g) Q. Then = M"' O Q and ^ O C, naturally. 

Proof. Let us use the notations ^(3\f), .yf^C^), '%){^) and ^/({,(M) to distinguish 
=^ and of 'N and M. We prove the following claim. 

Claim, {x")^ G ^(M) if and only if {x" O 1)^ G ^(3^). 

Proof of Claim. The "if" part is trivial. We show the "only if" part. Suppose 
that [x")^ G ^(M). Let (y^)^ G ^^(K). Let 61 G (M,)+ and ^2 e (□,)+ be 
faithful states. Then Wy^ix" l)!!^,^^^, = ^i((a;'^)*(id ^2)((2/'')*2/'')x^). Since 
(id®^2)((|/'')*l/'')^/^ e ^(M), it turns out that Wy^ix" ^l))\\e,(^e2 -> as z/ -> 
Thus y^{x'^ (g) 1) — )■ strongly as z/ — > w. In a similar way, we can show that 
y"{x^ ® 1) and {x^ ® l)y^ converges to in the strong* topology as z/ — )■ Thus 
(x^® 1). G ^(K). □ 

Let us consider the inclusion Q C IN"'^. Since Q is a type I factor, we have the 
tensor product decomposition Ji'^ = (Q' n K"^) V Q = (Q' n K"^) ® Q. Let p be a 
minimal projection of Q. Let x E Q' Cl J^'^ and {a'^)u its representing sequence. 
Take x" e M with (1 (^p)a''{l^p) = x" ®p. Then s(l = (1 ^p)x{l ^p) = 
TiUi^" ®P)u)- Since (x^^p)^ G ^(K), (x'^)^ G ^(M). 

By the claim above, we can consider the element vr^((x'^ ® 1);^) G X*^. Hence 
we have x{l ^ p) = TTi^{{x'^ ® l);y)(l Since the normal *-homomorphism 

Q' n'N'^ 3 y y{l ® p) e (Q' n is faithful, we have x = ir^iix" O 1)^.). 

Thus we obtain the natural *-homomorphism $ : Q' fl 'N'^ — )■ JVC^ defined by 
^{x) = 'n'uj{{x'^)u)- The faithfulness of $ is trivial. The claim above implies the 
surjectivity of $. Hence $ is an isomorphism, and we obtain an isomorphism 
^ : -> M'^ ® Q. 

Since IN"^ C Q' fl IN"'^, $ maps into JVC^ (S) C. Then it is immediately verified 
that the image is precisely equal to M^^ ® C. 

We verify the naturality of as follows. Let {eij}i,j^i be a system of ma- 
trix units of Q such that ca are minimal projections and '^^ea = 1. Let 
X = vr^((x'^)v) £ For each z/, we have the decomposition = j^ij- ® % 
with x^^- G M. It is easy to see that {x'^j)u ^ ^(3Vt) for all i,j G /. 
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Then ^ {T^io{{Xij ® — ® ^ij. For a diagonal finite rank projec- 

tion g e Q, we obtain 

*((1 q)x{l g)) = (1 ® g) • ( J] 7r^((4).) ® eij) ■ (1 ® g) 

Since ||^((1 <E) q)x{l ?))|| < for any q, the operator J2i j'^oj{{^ij)i^) ® 
norm bounded. Hence letting 5 — > 1, we have 

^^(a;) = ^7r,((4).)®ei,-. 

□ 

2.5. Ultraproduct of reduced von Neumann algebras. Let M be a von 
Neumann algebra. For a projection p e M, we denote by Mp the reduced von 
Neumann algebra. 

Lemma 2.9. The following properties hold: 

(1) X{Mp) = {{px-'p), I (x^u G X{M)} C 5L(M); 

(2) ^(Mp) = {{px-'p), I {x''), e ^(M)} C =yfC(M); 

(3) K,(Mp) = {{px'p), I (x'^). e K.(M)}. 

Proof. (1). It is trivial. 

(2) . It suffices to show that the inclusion ^KjCMp) C ^KjCM) because the others 
are clear. Let {x")^ e ^(Mp) and {y")^ e ^(M). Let ^ e Ji. Since p|t/^pp 
in the strong* topology as z/ — )> w, we obtain 

\\y''x''i\\' = {p\y''\W^,x''O^0. 

Hence {x")^ G 

(3) . It is clear that the right hand side is contained in the left. We will show 
the converse inclusion. Let {x'')i, G ^ujil^p) and ip G M*. In the following, we 
assume that \\x^\\ < 1. Put q:—l—p. For any y G M^, we have 

Vp, x"" + y] = [p(pp, x"] + qcpx" - x^tpq + [qcpq, y] + pcpy - yipp. 

Thus it suffices to show that there exists {y'^)v G '^cj(Mq) such that 

lim — y^^pW — 0, lim Hx^'c^g ~ PVU^W — for all if G M*. (2.2) 

If this is the case, then indeed we obtain {x^-\-y^)j^ G and x'^ — p{x'^+y^)p. 

Take a maximal orthogonal family of projections {qi}i£i such that qi < q and 
qi ^ P- We let r := q—^^ qi- Then there exist Zi,Z2 G Z(M)^ such that Z1+Z2 = 1 
and rzi ^ pzi rz2 ^ pz2- By maximality, we deduce pzi = and rz2 = 0. Hence 
pz2 = p. Since Z2x''' — x'^ — x'''z2, we get qipx'^ = qipz2X^ = qz2(px^ and likewise, 
x'^ipq — x'^ipqz2 for all u and (p. Hence we may and do assume that Z2 — 1, that 
is, r = 0. Then q = g^. 

For each i, take f j G M^^ such that gj = v*Vi and WjW* < p. Set y*^ := v*x'^Vi. 

Then lli/'^ll < llx'^ll < 1, and {y")^ G £°^(Mg). We will check that {y'')^ G 
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Let e > and Lp G M* a state. Take a finite subset J G I such that (p{q — qj) < e 
with qj := Y^i^jqi- Then 

< 2(p{q-qjy/^ < 2e^/2_ 

Using this, we obtain 

Wy^q^pq - q^qy^W < 2\\y''\\ \\q(pq - qjipqj\ + ly" qj^J ' qj^JV^'l 
< 4ei/2 + J2 Wv^x'Viipqj - qjifv* 



* 1/ 



[x'^, Vi(pV* 



Since || [x^, f jV^f *] || — )■ as — )■ w, we have Hy'^gv^g — q^qy'^W < Se^/^ for u being 
close to Thus {y")^ G K,(Mg). 

Now we will check (12. 2p . Using (f{q — qj) < e, we have 

Wqipx" - y^fpW < Wq'-px'-' - qjipx'-'W + Wy^iqj - q)<pp\\ + Y H*'^^'' ~ v^x^ViippW 

ieJ 

Hence for u being close to u, we have Wq^fx'^ — y^^^ppW < Se^^"^. Similarly, Hx'^y^g — 
pipy'^W < 3ei/2 Thus (jM]) holds. □ 

The previous lemma implies the following result. 

Proposition 2.10. Let M. be a von Neumann algebra and p G M^. Then the 
ultraproduct von Neumann algebras (Mp)"^ and {Jiip)u) are realized in M,^ as fol- 
lows: 

(MpT = (M'^)p, (Mp)^ = (M^)p. 

3. Flows on ultraproduct von Neumann algebras 

Let a, 13 he flows on a von Neumann algebra M. Assume that cet(3^^ G Int(M) 
for each t G M. Then, as will be shown in Lemma 15. 6[ we can take a Borel 
unitary path u such that Adu(t) o at is close to Pt on a closed interval. The path 
may be arranged to be strongly continuous with a certain assumption on M (see 
Proposition 19.151) . However, we do not know whether this is true for a general 
von Neumann algebra. Therefore, we have to treat a Borel unitary path, and a 
Borel cocycle action. 

When one classifies flows, an analysis of them on an ultraproduct von Neumann 

algebra shall be inevitable. Nevertheless, a flow is usually acting on M^^ discontin- 

uously, which is the most significant difference from discrete group actions. One 

way to treat a flow or a Borel map on M'^ is to collect elements which behave 
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continuously by the given flow. However, the continuity is insufficient in lifting a 
continuous or Borel path from M"^ to M. As a result, we have to think of a much 
smaller von Neumann subalgebra in M"^ that is called the (a, a;)-equicontinuous 
part (see Definition 13.91) . 

3.1. cj-equicontinuity. 

Definition 3.1. Let {Q,d) be a metric space and {x^: Q M},^gN a family of 
maps. We will say that {x''}iy is u-equicontinuous if for any e > and finite set 
^ C "K, there exist 6 > and W E cu such that for all s,t E Q with d{s, t) < 6, 
u E W and G $, we have 

\\{x-'{s)-x-'m\\<e, \\^{x'^{s)-x-'m<e. 

Several statements in this paper can be replaced with normal functionals for 
vectors in a standard Hilbert space. We should note that the cu-equicontinuity 
does not necessarily require the continuity of each x'^. 

Lemma 3.2. Let {Q,d) be a metric space and {x^: Q — )■ M},^ a family of uni- 
formly bounded maps, that is, sup^^j^ ^^j^ ||a;'^(t)|| < oo. Then the following state- 
ments are equivalent: 

(1) {x"^ : Q —7- M},^ is uj-equicontinuous; 

(2) For any £ > and compact set ^ d'K, there exist 5 > and W E u such 
that for all s,t E Q with d{s, t) < 6, u E W and C, E , we have 

\\{x^{s)-x^m\\<e, Uix''{s)-x^m\<e; 

(3) Let E "K be a cyclic and separating vector for M. For any e > 0, there 
exist 6 > and W E u such that for all s,t E Q with d{s,t) < 6 and 
V E W , we have 

\\{x''{s)~x''mo\\<e, \\^,{x''{s)-x''m<^- 
Proof (1)^(2). Take C > with C > sup^^^ \\x{tY\\. Let ^ and e be given. 
Choose in \1/ such that for any ^ G there exists C,i such that ||^ — < 

e/AC. Using the w-equicontinuity of x'", we can take 5 > and W E uj such that 
for any s,t E Q with d{s, t) < 6, u E W and i = 1, . . . , A^, we have 

Ux^s)~x^{t)M<e/2, \Ux''{s)-x''m\<e/2. 

Then it is clear that these 6 and W are desired ones. 

(2) =^(3). This implication is trivial. 

(3) ^(1). Let £ > and $ := {^i I i = 1, . . . , A^} C :K. Take C > as C > 
supi J, ||x^(t)||. Let aj, 6j G M such that ^octjll < £^/4C and ||6~^jCo|| < £/4C. 
Set M := max{||aj||, 1 | z = 1, . . . , A^}. By our assumption, there exist 6 > 
and W E u such that for all s,t E Q with d{s, t) < 6 and z/ G W, we have 

\\{x^{s)-x^mo\\<e/2M, Uo{x'is)-x^m\<6/2M. 

Then 

\\{x^{s)-x^{t)M < \\{x''{s)-x''{tM,-^oai)\\ + \\{x''{s)-x''moa.\\ 
< 2C ■ e/AC + M ■ e/2M = e. 
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Similarly, we obtain \\^i{x'^{s) — x'^(t))|| < e. Thus {x''}i, is cj-equicontinuous. □ 

The following result is frequently used in this paper. 

Lemma 3.3. Let {Q, d) he a metric space and E d Vt a relatively compact set. 
Let {f: Q — > C},^ be a family of functions. Suppose that {f^: E — )• C}^, is 
u-equicontinuous. Then the convergence \im.y^^^f^{t) is uniform on E. 

Proof. Put F{t) := lim^^^ ^{t) for t e E. For e > 0, take 5 > and IVi G w 
such that for all s,t e E with d{s,t) < 6 and u e Wi, we have Ifi-s) - fit)] < e. 
Letting i/ — )■ a;, we obtain \F{s) — F{t)\ < e which shows the uniform continuity 
of F on E. 

Let us keep e, 5 and Wi introduced above. Since E is relatively compact, there 
exists a finite set Eq C E such that E C IJteEo -^(^' '^)' '^here B(t, 6) := {s E Q \ 
d{s,t) < S}. Then there exists W2 G u such that for all s E Eq and z/ G W2, we 
have Ifis) - F{s)\ < e. Let t e E, and take s e Eq with d{s,i) < 6, Then for 
all u e WinW2, we have 

\nt) - Fit)\ < ir(t) - ns)\ + ir(.) - f{s)\ + \f{s) - Fit)\ 

< 3e. 

Thus we are done. □ 
3.2. Borel maps and flows. 

Definition 3.4. Let a: R — )■ Aut(M) be a Borel map. An element {x'^)u ^ 
£°°(M) is said to be (a, u)-equicontinuous if for any Borel set i^^ C M with ii{E) < 
00 and e > 0, there exists a compact K G E such that 

• q;|x is continuous; 

• fi{E\K) < e; 

• the family {K 3 t caix") G M}i. is w-equicontinuous. 
We denote by S'^ the set of (a, Ci;)-equicontinuous sequences. 

In the definition above, /i denotes the Lebesgue measure on R with /x([0, 1]) = 1. 
Lemma [9.11 implies that for any Borel set C R, we can take a compact K G E 
satisfying the first and second conditions above. The reason why we must consider 
the third is to make the stability holds with respect to a perturbation of a cocycle 
action (Lemma 13. 8p . To flows, the following characterization is useful. 

Proposition 3.5. Let a be a flow on M and {x^)u ^ ^°°(M). Let ^ E be a 
cyclic and separating vector for M. Then the following statements are equivalent: 

(1) {x'')i, is {a,u)-equicontinuous; 

(2) For any e > 0, there exist 6 > and W ^ u such that if \t\ < S and 
V G W , we have 

\\{at{x^)-x^)i\\ + \\i{at{x^)-x^)\\<e. 

(3) For any e > and compact set \t' C ^K, there exist 5 > and W & u such 
that if \t\ < 6 and v G W , we have 

^^xv{\{a^{x-)-x-)v|\\ + \\^{cn{x-) - x-)\) < e. 
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(4) For any T > 0, {[— T, T] 3 t at{x'^) G is u-equicontinuous. 

Proof. (4)^(1) is trivial. 

(1)^(2). Suppose that {x'^)u is (a, Co')-equicontinuous. For E := [0,1], there 
exists a compact set K G E such that fi{K) > 1/2, a\K is continuous, and 
{K 9 1 1— )• at{x'^) G M}u is w-equicontinuous. Since fi{K) > 0, we can find 6 > 
with {-6, 5)cK-K. 

Set \1/ := {ois{C} I G -ft'} that is compact. Then by Lemma [3. 2 [ for any e > 0, 
there exist 5' > and W & u such that for all s,t & K with |s — t| < 6' and 
G ly, we have 



sup(ii(«,(x^) - atix^M + wvMxn - M^nm < e. 

Then for s,t & K with |s — t| < 6' and u G VT, we have 

\\{as.t{xn - xna + m^^s^tixn - xnw 

= Wiasixn - atixn)atm + HiOMxn - atix^n 

< snpiUasix") - atix^M + WvMx") - at{xn)\\) 

< e. 

Hence if \t\ < min((5, 5') and u G W, then 

\\{a,{xn-xna + u{at{xn-xn\\<e. 

(2) ^(3). By compactness, it suffices to prove (3) for a finite \E'. We may and 
do assume that Hx'^H < 1/2 for all z/ G N. Let e > 0. Take 5 > so that if a G M 
satisfies ||a|| < 1 and ||a^|| + ||^a|| < 6, then sup^g^(||a?7|| + ||77a||) < e. By (2), 
there exist 6' > and W & u such that if |t| < 5' and u E W, then 

\\{a,{xn - xna + uiatixn - xnw < s. 

Hence it implies 

snpiUatixn - x^vW + WvMxn - x^W) < e. 

rye* 

(3) ^(4). Let £ > 0, T > and ^ := {at{0 \ \t\ < T}. By (3), there exist 
5 > and W E u such that for all t with \t\ < 6 and u G W, 

sup(||K(x'^) + Matixn-xnW) < e. 

This implies the following: 

\\{at+s{xn-(^s{xn)a + Ui(^t+s{xn-(^s{xn)\\<e ii\t\<6, \s\<T, ueW. 
Hence we are done. □ 

Lemma 3.6. Let {fl, d) be a compact metric space, {x'^ : VL — )■ M}i^ and {y^ : Q — ?■ 
M}i, families of maps. Suppose that the following conditions hold: 

• They are uniformly bounded and u-equicontinuous; 

• For each t eQ, {x{tY)^ and {y(tY)^ belong to ^(M). 

Then the family of their multiplications {x^y^ : VL — )■ Mj^ is also u-equicontinuous. 
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Proof. We may and do assume that ||a;(t)''||, < 1 for all t ^ Q and z/ G N. 

Let e > and ^ G CK a cyclic separating vector for M. Then there exists 6 > 
and Wi G co such that ii s,t E fl satisfies d{s, t) < 6 and z/ G Wi, then 

iKz/i^r-yW'^KiK^- (3.1) 

Since Q is compact, there exists a finite subset F C such that each s E Q 
has t E F with (i(s, t) < 6. Then by Lemma [2.71 we can take S' > and G 
such that if a G M with ||a|| < 2 satisfies ||a^|| + ||^a|| < 6', then ||a?/(s)^^|| < e 
for s G -F. 

By cj-equicontinuity of {x*^}!,, we take 6" > and W3 G w such that if s, t G 
satisfies d{s,t) < 5" and i/ G 14^2, then 

\\{x{sy-x{tm + \U<sY-<tY)\\<^'- 

This imphes 

II {x{sY - x{tY)y{toTi\\ < e for all to e F. (3.2) 

Let s.teVL with rf(s, t) < min((5, 5") and i/ G VTi n 1^2 n W'a. Take to e F with 
o?(t, to) < 5. Then we have 

\\{x{sYy{sY-x{try{tm 

< \\x{sY{y{sY - yitYM + \HsY{y{tY - y{t,YM 
+ ||(a:(.)'^ - x(t)'^)y(to)'^)eil + \WY{y{t,Y - ymiW 

<\MsY 'y{tYn + \mY -ywn 
+ \\{x{sY - x(t)'^)y(to)^)eil + ||(y(to)^ - yitYn 

<e + e + e + e = Ae by ([3lD , (D • 

Likewise, we can show that there exist 5"' > and W4 G u such that if s, t G f2 
satisfies d{s, t) < 6" and u G W4, then 

\\ax{sYy{sY-xitYym\\<^e. 

Hence we are done. □ 

Lemma 3.7. Let a: M — )■ Aut(M) be a Borel map. Then the following hold: 

(1) Ifix^u e C and (y-), G £°^(M) satzs/y {x-^-y^u G ^^^L, i/^en (y'^), G CT/ 

(2) contains X; 

(3) C n ^ zs a C*-suhalgehra ofi°°{M). 

Proof. (1). Let F be a Borel set and K a compact set in F such that a\K is 
continuous and {K 9 t 1— )■ at{x'^)}u is w-equicontinuous. Then for £ > and 
a finite set $ C ^K, there exist 5 > and W E u such that for s,t G K with 
\s — 1\ < S, u E W and ^ G we have 

||(«,(x'^) - atixnm + UMxn - atix^n < e/2. 

Set \E' := | ^ G $, s G F'} that is a compact subset of CK. We let 

s'^ := sup^g^dKx'^ — |/'')r7|| + ||?7(x'' — ?/'^)||). By Lemma [275| we have lim;^.^^ s'^ = 0. 
Thus we may and do assume that s" < e/A ioi u E W. 
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Then for ,^ G s, t G -ft' with |s — t| < 6 and u G W, we have 

< iMy-" - xna + WMxn - atixnm + im^" - vna 
+ ua^iy" - xnw + uMxn - <yt{xn)\\ + uc^tix" - vnw 

= wiy' - xna:\o\\ + WMxn - a.ixnm + wix" - yna;\o\\ 
+ waj'ioiy" - xnw + uMxn - atixn)\\ + - viw 

< 23" + e/2 < e/2 + e/2 = e. 
Hence {y'^)u is (a, w)-equicontinuous. 

(2) . Let ii' C M be a compact set on which a is continuous. Then \1/ : = 
{ds^iO I ^ ^ ^} is compact in "K. Thus if {x'^)u £ '%), then s'^ := sup^g^(||x'^77|| + 
llryx'"!!) — )■ as z/ — w by Lemma [2.51 Then the statement is clear because of the 
inequahties Uasix") - atix"))^]] < 23" and UMx") - atix""))]] < 23". 

(3) . It is easy to see that is a norm closed operator system in i°°(M). We 
show that S"^ D is closed under multiplication. 

Let _E C M be a Borel set with < n{E) < oo and < k < 1/2. Let 
{x'^)u, {y'^)u G n .yi(j. Take a compact set Kq C E such that fi{E \ Kq) < k, 
a\K is continuous and the maps {Kq 9 t i-> at{x'')}i,, {Kq 3 t \^ at{y'^)}i, 
are cu-equicontinuous. Hence {Kq 9 t h-> at{x'^y'^)}i, is cu-equicontinuous by the 
previous lemma. □ 

Lemma 3.8. Let (a, c) be a Borel cocycle action o/M. Then the following state- 
ments hold: 

(1) S'^ n ,jV^ is a-invariant; 

(2) Let {a" , d') he the perturbation by a Borel unitary path w : M — )■ M^. Then 

Cn^ = ^,". n^. 

Proof. (1). Let E C M be a Borel set with < ^i{E) < oo. Let e,K, > and 
G n We may and do assume Wx^W < 1 for all u e N. Fix s G M. 
Then we can take a compact set Ki C E + 3 such that + s) \ Ki) < k, a\Ki 
is continuous, and {Ki 3 t Cit{x'^)u}u is w-equicontinuous. 

Next, we take a compact set K2 C E such that iJ,{E \ K2) < k, and the map 
K2 3 t ^ c{t, 3) is continuous. Set K := {Ki — s) fl K2, which satisfies K C E 
and fi{E \K) < 2k. Let ^ G CK be a cyclic and separating vector for M. We set 
the following compact set 

^ := {c{t, sn \teK}u {a;licit, \teK}. 

Take 6 > and Wi e cu such that for all t, t' G Ki with \t -t'\ < 5 and u G Wi, 
we have 

sup Wri^ati^x") - at'{x''))\\ < e, sup - ati{x''))ri\\ < e. (3.3) 

By Lemma [2171 there exist 5' > and £ 1^ such that if a G M with ||a|| < 2 
and ||a^|| + ||^a|| < 5\ then sup^g^(|| 0x^77 1| + ||?7ax'^||) < e, and sup^g^ (Hx^ar^H + 
llr^x'^all) < e for all z/ G W2. 
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Take 5" > so that if t,t' e K with \t-t'\ < 6", then 

II (c(t, s) - c{t', sm + Wmt, -s) - c{t\ s))\\< e, (3.4) 

IKlMt^ ^) - ^))^ll + s) - c(t', s)) II < 6'. 

Then for t,t' e K with |t - t'| < min(5, 6") and z/ G W^i fl 14^2, we have 

sup ||a^:]_g(c(t, s) — c{t', s))x'^r]\\ < e, (3.5) 

and 

IKatiasix")) - at'iasix")))^]] 

= ||(c(t, s)at+six'')cit, s)* - c(t', s)at'+s{^nc{t\ 3)*)^ 

= \\c{t, s)at+s{x''){c{t, s)* - c{t', s)*)e|| + ||c(t, s){at+s{xn - at'+s{x''))c{t' , s)*e|| 
+ \\{c{t,s)-c{t',s))aeUxnc{t',sr^\\ 

< ||(c(t, s)* - c(t', sYM + sup ||(ai+.(x^) - at>+s{xn)v\\ 

+ \\a;,lMt,s)-c{t',s))x^a-l{c{t',srO\\ 

< e + e + sup ||at7+,(c(t, s) - c(t', s))x''r7|| by (EJD, (I33D 

< 3£ by (1331) . 

We can obtain a similar estimate for \\C,{at{as{x'^)) — at'{as{x'^)))\\- Therefore, 
{as{x''))u e 

(2). Let {x'')^ G C n Let E C M be a Borel set with < 12(E) < 00. 
Take a compact set if C ii^ such that 

• fi{E\K) < k; 

• a,v are continuous on K; 

• {K 9 t I— 7- Q;((a;'^)}y is cj-equicontinuous. 

Then {K 3 t Vtat{x'^)v^}iy is w-equicontinuous by Lemma ESI CD 

In the following, we generalize the w-equicontinuous part of M"^ introduced in 
[5^ Definition 2.2] to a Borel map. 

Definition 3.9. Let a : R -> Aut(M) be a Borel map. We let be the quotient 
C*-algebra (t?^ n o/^)/^, and M^^a ■= fl M^. We call them the {a,u)- 
equicontinuous parts of M"^ and Moj, respectively. 

Lemma 3.10. The C* -suhalgehras and M^^^q '^'^e von Neumann suhalgehras 
ofM^ andMuj, respectively. 

Proof. We show the unit ball of is strongly closed in M*^. Suppose a sequence 
Xn G (M^)i strongly converges to X G (M'^)i as n cx). Let < k < 1/2. 
Let E' be a Borel set with < fi{E) < 00 and Kq C M a compact set such that 
fj.{E \ Kq) < K, and a: Kq ^ Aut(M) is continuous. Let ip G M* be a faithful 
state. Recall the fact that for any cj) G M*, the function Kq 3 t at{4>'^) G (M'^)* 
is continuous since at{(f)'^) = at{4>)'^. Thus \1/ := {a^'^{ip'^) \ t G Kq] is compact 
in (M"^)*, and we have sup^gj^^ ||X„ — -'^ll^-i^^^-) — as n — )■ cxd. 
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Let e > 0. Then we can find uq such that sup^g^^^ W^no ~ "^lll-i(<^c^) ^ ^Z'^- 
Fix representing sequences of X„ and X, {x^)i, and {x")u with \\x^\\, \\x^\\ < 1, 
respectively. Then again by compactness of there exists Wi G uj such that 

llx^: - x^ll" 1, , < £/3 for alH G ir, i/ G H^i. 

Since G M^, there exist a compact set i^i C -K'o, < 5 < 1 and G w such 
that /i(-ft'o \Ki) < and 

ll«.«o) -«*«o)ll!= < for all s,t G fsTi, |s - t| < 5, z/ G VTs- 

Thus for s,t ^ Ki with |s-t| < 5 and G WinW2, we have ||as(x'')-at(a;'')||<^ < 
e. This shows that X G since \ Ki) < 2k. Hence is a von Neumann 
algebra, and so is M^,„ = fl M^. □ 

We should note that M C and M^,„ C M' n M^. 

Suppose that an flow a fixes p G M^. Denote the reduced flow by a^. It is 
trivial that S'^p C S"^. By Lemma [2.9^ we obtain the following result. 

Corollary 3.11. Let Ivl be a von Neumann algebra and a a flow on M. Suppose 
that p G is fixed by a. Then the {a,u})-equicontinuous parts of (Mp)"^ and 
C^pjuj o,re described as follows: 

(JVCp)i-jP (JVtQ,)p, (•Mp)cj,QP 

The following result is a direct consequence of Lemma 13. 8[ and this shows that 
the (a, a;)-equicontinuous parts and Mi^,q, are invariant under perturbation. 

Lemma 3.12. If{a,c) be a Borel cocycle action ofM. on a von Neumann algebra 
M. and d) is a perturbation of {a, c) by a Borel unitary path. Then = 
and M^,Q = M^,/3- 

3.3. Flows on or M^,^. 

Lemma 3.13. Let Jvl be a von Neumann algebra. The following statements hold: 

(1) If a is a flow on M, then so is a on M^; 

(2) // (a, c) is a Borel cocycle action ofM. on M, then a is a flow on Muj,a- 

Proof (1) Let (p E he a faithful state. Since Lp'^ is faithful, {aip'^ \ a G M^} 
is dense in (M^)^,, the predual of M^. Then 

Watiaif'^) - aif^W^M-j, < \\atia){atiipn - 0||(m^;), + - a)¥^"||(Ms). 

< ||a||||at(v9) - (p\\m, + \\atia) - a\\^^. 

If t — )■ 0, the last two terms converge to because M. 3 t ^ at{a) is strongly 
continuous for all a G by Proposition 13. 5[ 

(2). Note that agCtt = Os+t on Z(M). Since the group homomorphism 
a: M — )■ Aut(Z(M)) is the composition of the Borel map a: M — ?■ Aut(M) and 
the restriction Aut(M) — Aut(Z(M)), which is continuous, a is a Borel homo- 
morphism that is in fact continuous because Aut(Z(M)) is Polish. 
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Let G M* be a faithful normal state and i?: M — t- Z(M) be the conditional 
expectation such that ipoE = (p. We put x '■= '^\z{m)- As in (1), {a(p'^ \ a G M^^^} 
is dense in (M.u),a)*- Using ip'^ = x° t'^ on Jvl^j, we have 

\\at{aip'^) - av9'^||(M„,,). < ||a||||at(x) - x\\z(m), + \\at{a) - a||<^-. 

Since the first term in the right hand side converges to as t — )■ 0, it suffices to 
show ||ai(a) — a||<^c^ — > as t — )■ 0. 

Let a G M^^^ and {a'^)^ a representing sequence. Since a is a flow on Z(M), 
the set {arix) o | r G [0, 1]} is compact in M*. Then for any e > 0, there exist 
a compact set K C [0, 1] with fJ,{K) > 0, 5 > and W E u such that for s,t E K 
with \s — t\ < 6 and u G W, we have ||a<;(a'^) — at{a'^) \\ar{x)oE < ^ for all r G [0, 1]. 
Letting — cj, we have ||Q!s(a) — Cit{a)\\a^{^)oT'^ < Then 

\\ois-t{ci) — a\\ip>^ = \\as{a) — at{a)\\at{x)oT'^ ^ £ for all s, t G -ft', \s — t\ < 5 

because asCXt = (^s+t on 'M,uo,a- Since the set K—K contains an open neighborhood 
of 0, there exists 5' > such that if \t\ < 6', then ||af(a) — a||^i^ < e. Therefore, 
a is a flow on M(^_q,. □ 

Let a be a flow on a von Neumann algebra M. For / G L^(M) and x G M, we 
let af{x) := J^f(t)at{x)dt. The following result provides us with a method of 
creating elements which belongs to MJ^ though those may be trivial sequences. 

Lemma 3.14. Let {x")^ G £°°{M) and f G ^^(IR). If a is a flow, then the 
following statements hold: 



(1) {af{xn)u e 

(2) // {x'^), G C n ^Ao, then G C H 

(3) Ifix''), G then {af{x'')), G K.- 

Proof. (1). Observe that 0:4(0/(0;'^)) — = axtf-f{f), where (Af/)(s) = 

/(s — t). Let C := supj, \\x'^\\. Then 



By Lemma y^at{x'^) — ?■ compact uniformly in the strong topology as — > w. 

This implies that y''af{x'') — )• 0. Hence {af{x''))i, G 

(3). Suppose that {x'')^, is w-central. For e > 0, take T > such that ||/ — 

/l[_T,r]||i < £■ By Lemma [2T6| there exists W E u such that if i/ G VT, then 
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at{af{x'')) - afix")]] < C\\\tf - f\\i for all ueN. 



Hence {af{x'^))i, E S'^ by Lemma 1X51 

(2). Suppose that {x'')^ G n Let {y'')^ E ^. Then 




for all G N. 



sup^gj.yji] Wx^a^t^^) — a^tiO^^W < ^- Then for any ^ G 



\\af{x'')^-^af{x'^)\\< [ \fmc^t{xn^'^c.t{xn\\dt 

Jr 



J-T 



+ [ \fm\c^t{xn^-^Mxn\\dt 



J[-T,T]<' 




□ 



Lemma 3.15. Let x = 7r^((x'^)i,) G MJ^ and f G L^(]R). If a is a flow, then 
af{x) = TT^{{af{x'')u))- 

Proof. Put a := 7raj((a/(x'^)i^)) that belongs to by the previous lemma. It 
suffices to show that T'^{ay) = T'^{af{x)y) for all y G M^, where af{x) is well- 
defined by Lemma 13.131 On the one hand, we have 



By Lemma 13.31 ip{at{x'^)y'') — ?■ ip{T'^ {at{x)y)) compact uniformly as — )■ w. 
Hence 



On the other hand, the normality of the conditional expectation t'^ : — )► M 
and the continuity of a on implies that f {t)T^ {at{x)y) dt = T'^{af{x)y). 
Hence ipij^^ay)) = ipij'^ {af{x)y)) for any ip G M*, and we have r'^^ay) = 



3.4. Connes spectrum of a^. We show the fast reindexation trick is applicable 
to our interesting case. Namely, we will construct a reindexation map in the 
(a, a;)-equicontinuous part M^. Our proof is almost in parallel with [521 Lemma 
5.3], but we should be careful of a construction of that because a reindexation 
map constructed in [521 Lemma 5.3] may not send given elements into nor 
commute with at for all t G M. 

Lemma 3.16 (Fast reindexation trick). Let a be a flow on a von Neumann 
algebra M, and F C M'^ and N C separable von Neumann subalgebras. Sup- 
pose that N is a-invariant. Then there exists a faithful normal *-homomorphism 
$ : — > with the following properties: 

(1) $ = id on n M; 

(2) $(ivnM,,,) cFnM,,„; 

(3) r'^($(a)x) = r^(a)r'^(a;) for allae N, x e F; 

(4) ato ^ = ^ o at on N for all t eR. 

We call such $ a fast reindexation map. 




— oo 



f{t)ip{at{x'')y'')dt forally^GM*, z/ G N. 




T^[af{x)y). 



□ 
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Proof. Let us introduce the same notations as the proof of [521 Lemma 5.3]. We 
may suppose that M C A^. For n E N, we take finite subsets C A^„+i of A^, 
Fn C Fn+i of F, Mn C M„+i of M, and S„ C Bn+i of ^ := {at \ t e Q} such 
that 

• N := IJ^ Nn is a unital *-algebra over Q + iQ, weakly dense in A^; 

• is globally invariant by 

• A^ n M is weakly dense in M; 

• A^ n M-uj^a is weakly dense in A^ fl M^,a; 

• F := IJ^ Fn is weakly dense in F; 

• IJ^ Mn is norm dense in JA^,] 

For each x G -F U A^, we choose a representing sequence {x^)u such that for all 
z/ G N and A G C, we have ||a;''|| < {x*Y = {x")*, (Xx)" = Xx", and {x'')^ is 
constant if x G M. 

Let G be a faithful state. For each x G and n G N, we find Sn{x) > 
Sn+i{x) > and a neighborhood Wn{x) ^ of w in N such that for all 

y G Ml with \\y\f^ < Sn{x), we have IIx'^t/H^ + lll/a:'^!!^ < l/n for u G Wn{x). 

For G N and £ > 0, take 7„_e > such that the following set belongs to u: 

En,e ■={ven\ Watix") - x^'Wl < e, \t\ < 7„,„ x G A^J 
For n > 1, we choose p{n) G N such that p{n) > n and 

• pin) e n^.gjv^ Wnix) n n™=i 

• \\xP^^)yP(^) - < 1/n for X,?/ G Ar„; 

• < for X G Ar„ n M^,,, a G F„; 

• |V'(a'^x^'('^)) - ?/'(a"r^(x))| < 1/n for x e N^, a e F^, E M„; 

• ||^(xP(")) - (/3'^(x))P(")||Ji < 1/n for x G Ar„, /3 G 5„. 

Letting $(x) = 7r(^((x^'^"'')„) for x G iV, we obtain a faithful normal *- 
homomorphism $: A^ — )■ M'^ which satisfies (1), (2) and (3), and commutes with 
at for t G Q. We will check that $(A^) is contained in the (a, C(;)-equicontinuous 
part. Let e > and x G A^m- Take a large G N such that l/m^ < e and 
m <m^. Then 

{n G N I n > me, ||at(xP(")) - x^^^^Hj, < e, |t| < 7m„i/™J = oo) n N. 

Indeed, let n > nie- Thenp(n) G -Em^.i/me- It turns out that ||Q;t(x'P*^"^)— x^*^"^ ||^ < 
l/rrie < £ for all \t\ < 7ms,i/me since x G Nm^. This implies that (x'''-"'')„ is {a,u)- 
equicontinuous, and $(x) G for x G N^- Since $ is normal, we see that $ 
maps A^ into M^. 

Then the commutativity $ o aj = at o $ holds for alH G M since a is a flow on 
by Lemma l3:T3l □ 

Lemma 3.17. Let a be a flow on a von Neumann algebra M. Then the following 
statements hold: 

(1) r(a|M.,J C r(a); 
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(2) // a is centrally ergodic, then Sp(a|]vt„^) = r(Q;|]Yt^^^). In particular, 
Sp(a|M^^,a) is the annihilator group o/ker(a|M^,^)- 

Proof. (1). By Lemma EH and EJEI if / G L^{R) satisfies a/ = on M, then 
ttj = on M^^a- Hence Sp(a|]vt„.Q) C Sp(Q;). Applying this observation to with 
a projection e G M", we have Sp(a'^|(M<.)„ „e) C Sp(a'^). By Corollary I3.11[ we 
have the natural identification (Maj,a)e = (Me)a;,as- Thus Sp(a|(M„^)J C Sp(a^). 

Let z be the central support projection of e in M^^^q,. Then 2; is fixed by a, 
and the map {'M^^a)z 9 a; 1— )■ xe G (M^^ is an isomorphism. Obviously, this 
intertwines the flows coming from a. Hence, 

r(a|M„,J C Sp(a|(M„,,)J = Sp(a|(M„^„)J C Sp(a'). 

Since e is arbitrary, we have r(a|M„,„) C T{a). 

(2). Let p G Sp(a|M„,„), £ > and T > be given. Then there exists a 
non-zero x G Ma;,a such that ||Q;t(x) — e*^*x|| < for all t G [— T, T]. Let 

/ G (Mt^^Q,)" be a non-zero projection, := {at{x) \ t G M}" and F = {/}". 
Take a fast reindexation map $ : N ^ F' (1 M^.q, as in the previous lemma. Since 
a is centrally ergodic, r^(/) G Z(M)" = C. This implies ||$(a)/||2 = llaihil/lh 
for all a & N. Hence the *-homomorphism N 3 a ^ ^{a)f is faithful, and we 
have ||$(a)/|| = ||a||. Thus for t G [— T, T], we obtain 

\\atmx)f) - e'^'^x)f\\ = matix) - e'^'x)f\\ 

= \\at{x) - e'^*s|| 

< £\\x\\ = e\\^{x)f\\. 

This means p G Sp(a;-^|M,^,Q)- Therefore p G r(Q;|M,^,Q)- D 

In particular, if a is a flow on a factor M with T{a) = {0}, then r(a|M^„) = 
{0}, that is, a = id on M^^^q. We do not know whether the converse holds or not 
for injective factors. 

Proposition 3.18. Let a be a centrally ergodic flow on a von Neumann algebra 
M. // r(a) = {0} and is isolated in Sp(a), then any element in M^^q, is 
represented by a sequence in M". 

Proof. Let x = iiu){{x'^)u) ^ ^w.q- By the previous lemma, at{x) = x for all 
X G M. Since is isolated in Sp(a), there exists a non-neg ative / G L^{R) such 
that aj gives a faithful normal conditional expectation from M onto M". By 
Lemma [3. 151 we have x = = 7!'^{{af{x'^))u). □ 

3.5. Lift of Borel unitary path. In this subsection, we solve the problem 
concerning a lift of a Borel unitary path t/ : M — t- in Lemma 13.211 A Borel 
path [/: M — > means that {U{t) \ t G M} generates a separable von Neumann 
subalgebra, and t/ is a Borel map into it. 

Lemma 3.19. Let M, be a von Neumann algebra, G M* a state and u G M^. 
Then ||e^LogH _ ^||^ < y2||u - 1||J,/^ for \e\ < I, where Loge^^ = ix for -tt < 
a; < TT. 
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Proof. Let u — J^^ e^^ dE{X) be the spectral decomposition on the torus ]R/27rZ = 
[— 7r,7r), and e :— \\u — 1||<^ < 2. Then we have 

e'= r |e'^- l|2d0(E(A)) = r 4 sm\X/ 2) d(l){E{X)). 

J —TV J —TT 

Thus if we set := {A e [-7r,7r) | sin(A/2) > e^'"^}, then we have (p{E{A^)) < 
£/4. Using Log{u) = f^^iXdE{X) and e^^^^H ^ f^^e'^^ dE{X), we have 



^eLog(u) _ -1 ||2 _ 



/7T 
4sin2(^A/2) d(j){E{X)) 
-TT 

= / 4sin2(^A/2)d0(E(A))+ / 4sin2(^A/2) d0(E(A)) 

<40(^(^,))+ /" 4sin2(A/2)#(^(A)) 
Ja- 

<A(P{E{A,))+ I AsiT?{X/2)d<j){E{X)) 

J —TV 

= 40(£;(A,)) + £l 

If £ < 1, then 40(E(AJ) < e. If e > 1, then A^ = 0, and (^{E{A^)) = 0. As a 
result, we obtain ||e^^°s(w) _ i||2 < 2£ in both cases. □ 

Lemma 3.20. Let ti, . . . , t„ G M with ti < t2 < ■ ■ ■ < tn. Suppose that unitaries 
Ui, . . . ,Un G M are given. If for e > and a faithful state (f) G M*, we have 
\\uj — Uj^i 11^ < ^ for j = l,...,n — 1, then there exists a continuous unitary path 
u: [ti,t„] — i> M such that u{tj) = uj for all j , and \\u{t) — u{tj)\\^^ < \f2e^l'^ for 
t G If moreover, we have \ui—uf^^ < e for all i, j , then \\u{s)—u{t)\\^^ < 

Proof Let 1 < j < n - 1. Set Vj{e) := Uj exp{eLog{u*Uj+i)) for 6 G [0, 1]. The 
previous lemma implies the following: 

- Uj\\4, = II exp(^Log(M*Mj+i)) - 1||^ < V2\\uj - Uj+i\\l^^, 

and 

||^;,(^)* - u*\\^ = ||e^Log(«*+i«,)^* _ ^*||^ ^ ||^*geLogK«*+j _ ^*||^ 

— ||g^Log(ujU*_^i) _ III 



<V2\\u*-u* 



Hence 



Then Vj : [0, 1] — ?■ is strongly continuous and Vj{0) = Uj and f (1) = Uj^i. By 
connecting v^-'s, we have a desired path u{t). The last statement is verified by 
using the triangle inequahty. □ 
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Lemma 3.21 (Lift of Borel unitary path). Let a: M — t- Aut(M) be a Borel map. 
Let f/ : M — 7- be a Borel unitary path. Then for any Borel set E G with 
< jJ'iE) < oo and e > 0, there exist a compact set K G E and a sequence 
{u{ty)i, for t & E such that 

• TTuj{{u{tY)iy) = U{t) for almost every t & E, and the equality holds for all 
t e K; 

• i^{E\K)<e; 

• For all z/ G N, the map E 3 t ^ u{ty is Borel, and the map K 3 t ^ 
u{ty is strongly continuous; 

• the family {K 3 t ^ u{tY G M},^ is uj-equicontinuous. 

Proof. By Lemma I9.H we have a compact set 7^ C -E such that \ K) < e 
and U is continuous on K. Continuing this process, we get a mutually disjoint 
series of compact sets K = Kq, Ki, . . . G E such that fi{E \ [Jj Kj) = and U is 
continuous on each Kj. By lifting piecewise, we see that it suffices to show the 
existence of a continuous lift for f/: K ^ M^. 

We may and do assume that K G [0, 1] by changing the variable of U{t). Let 
(f G M* be a faithful state. For each t G -ft', we choose a representing unitary 
sequence {U{tY)y of U{t). Then for each A; G N, we can construct by induction 
iVfc G N {No := 1), FkEcu (Fq := N) and a finite set Ak G K {Aq := 0) with the 
following properties: 

• lis,teK satisfies \s - t\ < l/Nk, then \\U{s) - U{t)\\l^ < I /2k] 

• Nk > N,_, and 2/iV, + l/(2iVfc_i) < l/N^^,; 

• [k, oo) D Fk_i D Fk, 

• Ak := {4, b^}f^-' U Ak-i, where 

4 := min[j/Nk, (j + 1)/^] H K, h] := max[j7iV,, (j + l)/Nk] n K- 

• If s, t G and v G -F^, then 

\\U{sr - U{t)X < \\U{s) - Uml. + l/2k. (3.6) 

Note that := [j/Nk, (j + 1)/^^"^] fl K may be empty, and aj, bj are not defined 
in this case. Since |s — t| < l/Nk for s,t E AkH [a^, 6^], we have 

WUisY - UitYWl < mis) - Uml. + l/2k < l/k for all u G F^. 

Applying Lemma [3.201 to A^ fl for each j, U{t)'^ and e := l/fc, we obtain 

a continuous unitary path U{t)'^''^ on |Jj['^i)^i] such that U{t)^''' = U{t)^ for all 
t e Ak n [4, h]] = Ak, and 

||f/(s)'='" - f/(t)^'1|^ < A/k^/^ for all s,t G [a),h% v G F^. (3.7) 

Put u(tY := VitY^"" for u e Fk\ Fk+i and t e K. We show {isT 9 t ^ M(t)''}i. 
is tu-equicontinuous. Let s,t E K with |s — t| < l/2Nk and z/ G Fk- Take m > k 
with z/ G \ Fm+i. Let sq, to € be the nearest points from s, t, respectively. 
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Then we have 



\Hsr-um\i 

< ||f/(,)--- _ u{s,r^\\i + \\u{s,r - u{t,)X + \\u{t,r^ - u{tr^\\i 

< A/w}'^ + \\U{s,r - U{t,r\l + 4/mi/2 by ^ 

< + \\U{so) - t/(to)||^ + l/m by ([M]). 

Since 

|S0 - to\ < \So - s\ + \s-t\ + \t- to\ < 1/Nm + l/(2iVfc) + 1/Nm < l/Nk, 

we have \\U{so) - f/(to)|lt" < V^, and 

\\u{sy - u{ty wl < 8/k^/^ + 1/k + 1/k < w/k'/^. 

Thus {K 9 t I— 7- u(ty},y is w-equicontinuous, and the function K 3 t 
'^cj{{u{ty)u) G M"^ is continuous. Since u{tY = U{ty for all t e Ak and u G Fk, 
'nu}{{u(ty)u) = U(t) for all t G IJfc^fc- is clear that Ufc^fc dense in K, and 
we have 7c^{{u{ty)^) = U(t) for all teK. □ 

We close this section with the following three lemmas. 

Lemma 3.22. Let Ki,K2 cM be compact sets. Let a: M — Aut(M) be a Borel 
map and {w" : K2 — )■ M},^ a family of continuous maps. Suppose that 

• a is continuous on Ki; 

• {Ki 9 s I— !■ as{w(ty)}i, is uj -equicontinuous for each t G K2; 

• {K2 9 t I— 7- w{tY}ij is UJ- equicontinuous. 

Then {Ki x K2 3 {s,t) as{w'^{t))}^ is u- equicontinuous. 

Proof. Let e > and ^ G a cyclic and separating vector for M. Set \E' : = 
{ci^^iO I ^ G -^1} that is a compact set. By Lemma [3.21 there exist 6 > and 
Wi G u such that for all t, t' G K2 with |t — t'| < S, u E Wi and G ^E', we have 

\\{w{tr-w{tm\<^. Mnj{tr-nj{tr)\\<e. (3.8) 

Take {ti, . . . , tAr} in K2 such that each t G K2 has with |t — tj] < 6. By the 
second condition, there exist 6' > and 14^2 € w such that for all s, s' G i^i with 
|s — s'l < 5', z/ G and i = 1, . . . , A^, we have 

\\iasiwit,r)-aAwit^y)m<^, UMwit,r)-aAwit^y))\\<6. (3.9) 
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Now let s, s' G Ki and t, t' G K2 with |s — s'| < 5' and |t — 1'| < 5. Take such 
that \t' -ti\ < 5. Then for u eWiD W2, we obtain 

wiasiwity) - aAwitrmw < ua.iwm - c^s{w{trm\\ 

+ \\{as{w{ur)-aAw{Urm\ 
+ \\(aAw{Ur)-aAw{trm\\ 

<\\iwitr-witr)a;\o\\ 

+ e by dM]) 

+ \\{w{ur - w{tr)a;Mo\\ 

< 4e by IKE\f . 

Similarly, we obtain 

UMwm-aAw{trm<'^e. 

Hence we are done. □ 

Lemma 3.23. Let a: M — t- Aut(M) be a Borel map and C C M a compact set. 
Suppose that {C 3 t ^ x(tY G M}i, is u -equicontinuous and {x{tY)y G S'^ for 
all t E C . Then for all k, > and Borel set E G with < ^{E) < 00, there 
exists a compact set L G E such that 

• n{E \L) < k; 

• a is continuous on L; 

• {L 3 s i-^ as{x{tY)},^ is uj-equicontinuous for all t G C . 

Proof. Take an increasing sequence of finite sets Ci G C2 G ■ ■ ■ C such that their 
union is dense in C . Then for each n G N, we can find a compact set L„ C E 
such that 

. fiiE\Ln) < /€/2"+i; 

• a is continuous on L„; 

• {L 3 s I— i- as{x{ty)}iy is w-equicontinuous for all t G C„. 

Set L := f],^ Ln- Then AE \L) < k/2"+^ < k, and a is continuous on L. 

We will check the third condition. Let ^ G !K be a cyclic and separating vector. 
Let e > and \l/ := I ^ ^ that is compact. Then there exist 5 > 

and W e OJ such that if t,t' G C with \t' — 1\ < 6 and u gW, then 

||(x(t)'^ -x(t')'^)Cll + Wa^ty - ^{trn < e for an C G VI/. (3.10) 

Fix t G C and take to ^ Cn with |t — to| < ^- Then by (a, C(;)-equicontinuity, 
we have 5' > and W G u) such that if s,s' G L with \s — s'\ < 5' and u G W, 
then 

UasixitoY) - aAxitoYmW + UM^ihY) - M^itoYm < ^- (3.11) 
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Then for all s,s' e L with \s - s'\ < 6' and u e W (1 W, 



+ \\{as{xitor)-c^A<torm\\ 
<ux{tr-x{tor)a7\o\\ 



+ WixitoT - x{tr)a;,\0\\ 



< 3e by (^M)- 



In a similar way, we obtain \\C,{as{x{ty) — as'{x{ty))\\ < 3e. Hence {L 3 s 



Lemma 3.24. Let {a, c) be a Borel cocycle action of M on M. Suppose that 
: M — 7- is a Borel unitary path. Then for any T > 0, 6 > with < 5 < 1 
and finite set $ C M;^, there exist a compact set K C [— T, T] x [— T, T] and a 
lift {u{tY)y of U as in Lemma \3.21\ such that 



• {K 3 (t, s) uity at{u{sY)c{t^ s){u{t + sY)*}y is u-equicontinuous; 

• The following limit is the uniform convergence on K for all y9 G 

lim \\u{tfat{u{sy)c{t,s){u{t + syy-l\t = \\U{t)at{U{s))c{t,s)U{t + sy~l\t^. 

Proof. Let r/ := 5/6, /c G N. Take a compact set C C [-2T,2T] for U{t) as 
in Lemma [Mil that is, /i(C) > 4T(1 - r^), n [-T,T]) > 2T(1 - ri) and 
{C 9 t I— )■ u(ty}u is w-equicontinuous. 

By the previous lemma, we have a compact subset L C [— T, T] such that 
> 2T(1 — 77), L 3 t i-> G Aut(M) is continuous and {L 3 t ^-^ at{u{sy)},, 
is cj-equicontinuous for all s G C. Then /i(C fl L) > 2T(1 — 27]), and the family 
{L X C 3 (t,s) Of (m(s)'')};^ is w-equicontinuous by Lemma [3.22[ 

Next we consider the Borel map [— T, T]^ 3 (t, s) 1— )■ c(t, s) G M^. Take a 
compact subset M C [— T, T]^ such that /i(M) > 4T^(1 — r]), and c is continuous 
on M as before. 

Note that the map C x C 3 {t, s) ^ u{t + sY may not be cu-equicontinuous. 
Let f{t,s) = t + s on [— T, T]^ and set the compact set N := f~^{C). Then 
{A^ 3 {t, s) (-7- u{t + sY}i, is cu-equicontinuous, and we have 



as{x(tY)}u is w-equicontinuous. 



□ 



. fi{K)>4T\l-6); 




2T/i(C^ n [-2T, 2T]) < ST^ri. 
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Now we set the compact subset K in [— T, T]^ as follows: 

K ■= ((CnL) X c) nMniV. 

Then 

ii{K^n[-T,Tf) = /i((((CnL) X n [-T,Tfy vj wyj N'^) 

<4T^-l^ {{C n L) X (C n [-T, T])) + AT'^r] + ST^rj 
= - i2{C n n [-T, T]) + 12X^77 

< - 2T(1 - 27]) ■ 2T(1 - r]) + 12X^77 
= 4T^r/(6 - 2?]) < 24:T^r] = 4X^6. 

Then {i^ 3 (t, s) u{tY at{u{sY)c{t, s){u{t + sY)*}^ is w-equicontinuous by 
Lemma [3. 6 [ and we have the uniform convergence stated in Lemma [3.3[ □ 

4. ROHLIN FLOWS 

4.1. Rohlin flows. In [37], Kishimoto has introduced the notion of the Rohlin 
property for flows on C*-algebras. This property has been defined also for fi- 
nite von Neumann algebras by Kawamuro |35]. Following their works, we will 
introduce the Rohlin property for a Borel cocycle action. 

Definition 4.1. Let (a, c) be a Borel cocycle action of R on a separable von 
Neumann algebra M. We will say that a has the Rohlin property if for any 
p G M, there exists a unitary v G M^,a such that atiy) = e*^*f for all t G M. 

A flow a with Rohlin property is simply called a Rohlin flow. We call the 
unitary v in the above a Rohlin unitary for p G M. By definition, at is centrally 
non-trivial if t 7^ 0. Therefore, any full factor does not admit a Rohlin flow. 
Several examples are investigated in Section El 

Lemma [3. 171 implies the following result. 

Lemma 4.2. If a is a Rohlin flow on a factor, then T{a) = R. 

Thus it is natural to ask if an outer flow with full Connes spectrum on the 
injective type IIi factor has the Rohlin property or not. This problem has been 
open so far. See Section [8] for related problems. 

We remark that there does not exist a strongly continuous path M 9 p 1— >■ 
Wp G Muj^a such that at{wp) = e^^^Wp when M is a factor. Indeed, gives 
an a-invariant inner product on M^^^a, and {wp\p is an orthonormal system. In 
particular, this spans a non-separable Hilbert space. 

Lemma 13.121 implies the stability of the Rohlin property under cocycle pertur- 
bation. 

Lemma 4.3. // a Borel cocycle action of on a von Neumann algebra has the 
Rohlin property, then so does its any perturbation. 

The following result states a sequence-version of the definition of the Rohlin 
property. 
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Lemma 4.4. Let a be a flow on a von Neumann algebra M. Then the following 
statements hold: 

(1) a has the Rohlin property; 

(2) For any p G M, there exists a unitary central sequence {v'^)u such that 
ott{v^) — e*^*w^ — compact uniformly in the strong topology as u ^ oo; 

(3) For any p G M, there exists a unitary central sequence {v^)u such that for 
each t G M, one has at{v'^) — e^P^v'^ — )■ m the strong topology as u ^ oo. 

Proof (1)^(2). Let p e R. Take a unitary v G Muj,a with at{v) = e^^^v. Let 
{v")u be a unitary representing sequence of v. 

Take a compact set C M with ^{K) > such that K = —K, a\K is 
continuous and {K 3 t at{v'')}i, is w-equicontinuous. 

Let ,^ G 3i be a cychc and separating vector for M. Then it turns out that 
sup^ fg;^ II ^) — e*''^*f^)as(OII converges to as z/ — w by Lemma 13731 and 
the compactness of I s G K}. By taking an appropriate subsequence, we 

may and do assume that {v'^)u is central, and sup^^g^- ||(a((f'^) — e*^*f'^)as(^)|| 
converges to as z/ — )■ cxd. Let s,t & K. Then 

\\{as-t{vn - e^'^^-'^vna = \Ma-t{vn - e-'P'vna + \\e-'^\as{vn - 6'^%^^ 

= ||(«_iK) -e-^^V)a_,(0|| + ll(a.K) -e*^^t;'^)e||. 

Hence 

hm sup ||(a,_iK)-e^P(^-*)t;'^)e|| =0. 

"^•^ s.tdK 

Let 5 > with {-5,5) C K - K. Then we have sup|t|<5 ||(at(v^) - e'P^v'')^\\ 
converges to as z/ — )■ oo. From this fact, we can deduce that the uniform 
convergence on any compact sets. 

(2) ^(3). This imphcation is trivial 

(3) ^(1). Let p G M, and take such a sequence {v'^)u- Let ^ G Then for 
each t G M, we obtain 

lleKK) -e^^V)|| < ||[e,«,K)]|| + IIKK) -e'^V)e|| + ||K,e]|| 

= + IIKK) - e^^V)e|| + ||K,e]||, 

which converges to since {v'')^, is centraL Thus we have the strong* convergence 
ativ") - e'P^v" ^ as z/ ^ cx). Let /(t) = e-^P*l[o,i](t) G ^^(R). Then we have 

Jo 

which converges to as z/ — t- oo by the dominated convergence theorem. Likewise, 
we obtain ||^(a/K) - V)]] as z/ oo. Thus {v")^ belongs to S'^ fl by 
Lemma [3?71 and [3 . 14[ Hence v := Truj{{v'^)u) G M-^j^a satisfies at{v) = e*^*f. □ 

4.2. Invariant approximate innerness. We investigate a relation between the 
Rohlin property and the invariant approximate innerness. 
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Definition 4.5. Let a be a flow on a von Neumann algebra M. We will say that 
a is invariantly approximately inner if for any T G M, there exists a sequence of 
unitaries {w'^)^ in M such that 

• ar = lim^_5.oo Ad ti?*^ in Aut(M); 

• — + \\^{at{w^) — — )• compact uniformly for t G M 
as 1/ — J- oo for all ^ G ^K. 

Lemma 4.6. Let a he a flow on a von Neumann algebra M. Then the following 
statements are equivalent: 

(1) a is invariantly approximately inner; 

(2) For any T G M, there exists a sequence of unitaries {w^)i, in M such that 

• ar = limy_^oo Ad in Aut(M); 

• II {atiw'') - w'')^\\ + Uiatiw"") - w") \\ for each teR and^eK 
as u CO. 

(3) For any T G M, there exists a unitary w G such that 

• arix) = wxw* for all x G M; 

• atiw) = w for all t G M; 

Proof. (1)^(2). This implication is trivial. 

(2) ^(3). Take such a sequence {w'^),y. Then as in the proof of Lemma |4.4[ 
we can show that {w'^)^, G S'^. Since Adw" — )■ ar in Aut(M), {w'^)i, normalizes 
£^uj- Thus we can consider a unitary w := Ti'i^{{w'^)i,) in which satisfles the 
required properties. 

(3) =^(1). We suppose that the conditions of (2) are fulfllled. Let {w'')i, be a 
unitary representing sequence of w. Let T > 0, £ > and $ C a flnite set. By 
(a, a;)-equicontinuity, there exist N E N and Wi G u such that if s, t G [— T, T] 
satisfies \s — t\ < T/N and u G Wi, then 

\\{as{wn - atiw^m UMw") - at{wn)\\ <e for aU ^ G $. 

Put tj := jT/N, j = —N, . . . ,N. Since at{w) = w, there exists W2 G oj such 
that if z/ G H^2, then 

\\{at^{wn-wna<^, m(^t,{wn-wn\\<e foraUj = -iV,...,iV, eG$. 
Let t G [-T, T] and take tj with |t - tj\ < T/N. li u eWiH W2, then 

Uatiwn-wna < iikk) -«*.K))eii + iikk) -«^'^)eii 

< 2e. 

Likewise, we obtain {{^{atiw") - w'')\\ < 2e for ^ G t G [-T,T] and z/ G 
W^i n W2- Then an appropriate subsequence of w'^ satisfies the condition of 
Definition EE □ 

Lemma 4.7. The invariant approximate innerness is stable under cocycle per- 
turbation. 

Proof. Let a be an invariantly approximately inner fiow on a von Neumann al- 
gebra M. Let V be an a-cocycle. For T G M, take a unitary w G such that 
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axix) = wxw* for a; G M and w is fixed by a. We set m := vtw that belongs to 
= M^„. Then a^x) = uxu\ and 

ol\{u) = VtativT)at{w)v* = Vt+rwv* = Vt+TaT{v*t)w = u. 

By the previous lemma, a" is invariantly approximately inner. □ 

Lemma 4.8. Let a he a flow on a von Neumann algebra M and p G M. Suppose 
that there exists a unitary central sequence {v'')^ in M such that for each t G M, 
\im.ij^oo{(y^t{v^) —e^^^v^) = in the strong topology. Then = limjy_^oo Ad7ra(f'^) 
in Aut(M xia K). 

Proof. Set X := M Xc, M and e_p G Cb{R) defined by e_p{t) := e"*?'*. Then 
''^aiv") — v" ® e_p — > in the strong topology in M (g) B[LF'{M)). Indeed, let 
^ G and / G L'^iM). Then 

which converges to by the dominated convergence theorem. Thus for G M* 
and ^ G 5(L2(R))„ 

Since (f is central, we have 

||7r,K)(0 ® ^)7i^{{v''y) - ® e_p^e*_p|| ^ 0. 

This means Adiraiv") Ad (1 (g) e_p) in Aut(M (g) ^(^^(IR))). Since dp = 
Ad (1 ® e_p) on K, we have Ad7rQ,(f'') — )■ dp in Aut(X). □ 

Remark 4.9. In the proof above, we have used the following fact. Let IN" C 
M be an inclusion of von Neumann algebras. Denote by Aut(M, !N) the set 
of automorphisms a on M such that a(3\f) = !N. It is fairly easy to see that 
Aut(M, ?sf) is a closed subgroup of Aut(M) with respect to the w-topology. Then 
the map Aut(M, Jsf) 3 a ^ a\j{ G Aut(X) is continuous. 

Indeed, let a, /3 G Aut(M, !N"). Take G Jsf* and its normal extension ip G M*. 
Then trivially, ||a(v2) — /9(v5)||n, < llc^lV^) ~ /3(V')||m.- This shows the continuity. 

We recall the modular conjugation of M xi^ M introduced in [THl Lemma 2.8]: 

(JO(s) = Ja-s{^{-s)) for e G ® L\R). 

Lemma 4.10. Let a be a flow on a von Neumann algebra M andp G M. Suppose 
that there exists a sequence of unitaries {w'')^ in M such that = limi,_i.oo Ad w'' 
in Aut(K) and atiw") — w'^ as u oo in the strong* topology for each 
t G R. Then the sequence {v^)^ defined by := X^ipYnaiw^) is central in 
M XqM, and belongs to . In particular, one has at{v) = e*^*f fort G M putting 
V := ■K^iiv'')^,). 

Proof. We will check that {v'^)u is central. As in the proof of the previous lemma, 
we can show that TTa{w'^) — ® 1 — j- as z/ — )■ cxd in the strong* topology. Then 
for all 7] G and / G i^^(M), we have 

hm sup 1 1 1;^ (r/ ® /) - (r^ ® / ) t;^ 1 1 = lim sup 1 1 A" (p) * (w'^r] ® / ) - (r^ ® /) A" (p) * 7r„ ( w'^ ) 1 1 
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The right hand side equals 0. Indeed, 



A"(p)*Kr/®/) 
= Ww^T] (g) A(p)*/ 

= Ww^T] (g) \{p)*f 

= Ww'^r] — ap{ri)w' 



(^®/)A"(p)*7r,K)|| 

j7r„K)*A"(p)J(77®/)|| 
ap(r7)^"®p(p)/|| 

11/11, 



where we have used JX^ij)).] = Uaip) ® p{p) and J7!'a{x*)J = Jx* J ® 1 for all 
p e M and x G M. Hence {v^)i, is central. Since at{v^) = e^^'^v" for all G N, 
(v^)^ belongs to Thus v = n^dv")^) G (M K)a;,a and ativ) = e'^^v. □ 

The following result is the von Neumann algebra version of [39l Theorem 1.3]. 
This states that the Rohlin property and the invariantly approximate innerness 
are mutually dual notions. See [25l Lemma 3.8] for the corresponding result in 
the case of finite group actions on C*-algebras. 

Theorem 4.11. Let a be a flow on a von Neumann algebra M. Then the fol- 
lowing statements hold: 

(1) a has the Rohlin property if and only if a is invariantly approximately 
inner; 

(2) a is invariantly approximately inner if and only if a has the Rohlin prop- 
erty. 

Proof. (1). Set X := M XqR. Suppose that a is a Rohlin flow. Then Lemma ITS) 
shows that a is invariantly approximately inner because a fixes 7rQ,(M). 

Suppose that a is invariantly approximately inner. By the previous lemma, 
the dual flow of a has the Rohlin property, and so does the flow a ® Ad p on 
M (g) i?(L^(M)) by Takesaki duality ^8]. Lemma 12.81 implies that a has the 
Rohlin property. 

(2). If a flow a on M is invariantly approximately inner, then the dual flow 
a has the Rohlin property by the previous lemma. Conversely, suppose that a 
is a Rohlin flow. Then by Takesaki duality and Lemma [4.71 /3 := a idB(e2) on 
K := M(S)-B(£^) is invariantly approximately inner. Let T G M. Then by Lemma 
14. 6[ there exists a unitary w G such that wx = I3t{x)w and I3t{w) = w for all 
a; G ?sf and t G M. By the description of 'N'^ in Lemma 12. 8[ we get the natural 
isomorphism = JVf^ ® In fact, it turns out that the isomorphism maps 

'N^ onto ® B{i'^). Hence w is regarded as an element in ® and 
we have wx = (a^ ® id){x)w for x G M ® B^i"^). Then w commutes with 1 <S> y 
for any y G Bli"^), and w G (x) C. This shows the invariantly approximate 
innerness of a. □ 

Remark 4.12. Let a be a flow on a von Neumann algebra M. Then the following 
statements hold: 

(1) If a has the Rohlin property, then so does 5; 

(2) If a is invariantly approximately inner, then so is a. 
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The first one follows from the inclusion M^j C M^; (see the proof of (48l Lemma 
4.11]). The second is directly proved. 

We obtain the following useful corollaries of the previous theorem. 

Corollary 4.13. If a is a Rohlin flow on a von Neumann algebra M, then 

7r«(M)' n (M x« M) = 7r(Z(M)), 

7r5(M)' n (M xs M) = 7r5(Z(M)). 

In particular, Z(M X5 M) = ^(M)°. 

Proof. By the previous theorem, a is invariantly approximately inner. In fact, by 
Lemma l478l each cut is approximated by Kdnaiw") with G M^. Thus a fixes 
7rQ,(M)' n (M Xa M), and we get the first equality. The second equality is proved 
similarly. □ 

Hence if M is a type IIIi factor, then so is M Xq, M. 

Corollary 4.14. If a is an invariantly approximately inner on a von Neumann 
algebra M, then 

7r„(M)' n (M x^ R) = 7r(Z(M x„ M)), 
7r5(M)' n (M X5 M) = 7r5(Z(M X5 R)). 
In particular, Z{M X5 M)^ = Z{M). 

Proof. By Theorem 14.111 a has the Rohlin property. Then we get the result by 
employing the previous result and the following mirroring (see [241 Lemma 5.7] 
for its proof): 

J(7r«(M)' n (M x^ R))J= (M x„ R)' n (M ® B{L\R))). 

□ 

Therefore, if a is a Rohlin flow on M and invariantly approximately inner, then 
the inclusion 7rQ,(M) C M x^^ M has the common flow of weights. In particular, 
MXqM is of the same type as M when M is a factor. This assumption corresponds 
to the central freeness and the approximate innerness for discrete group actions 
on a factor. 

Corollary 4.15. Let a be a Rohlin flow on a von Neumann algebra M. Suppose 
that a is centrally ergodic. Then 

Sprf(a|z(M)) = G R I dp G Int(M x^ R)}. 

Proof. If dp = Adw for some unitary n G M Xq,]R, then u G 7rQ,(M)'n (M Xq,R) = 
7iaiZ{M.)). Then putting u = iTaiv), v G Z(M), we have 

Hence p G Sp^(a|z(M))- 

Suppose conversely that p G Sp^{a\z(M))- By polar decomposition, there exists 
a non-zero partial isometry v G Z{M.) such that at{v) = e*^*f for t G M. The 
central ergodicity implies that v is in fact a unitary. Then dp = Ad7rQ,(t>). □ 
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A classification of invariantly approximately inner flows will be treated in §6.11 
A typical example of an invariantly approximately inner flow not of infinite tensor 
product type comes from a modular flow, or more generally, an extended modular 
flow as introduced below. 

Definition 4.16. We will say that a flow /3 on a von Neumann algebra 'N is 
extended modular when Pt is an extended modular automorphism for each t G M, 
that is, A e Int(K). 

The definition above is slightly different from that of [10^ Proposition IV. 2.1]. 
However, it is essential to consider the canonical extension in what follows, and 
we adopt the definition above (see also [201 Proposition 5.4] and [211 Definition 
3.1]). 

Lemma 4.17. Let (5 he an extended modular flow on a von Neumann algebra 
K and T G M. Suppose that there exists a unitary {v'^)i, in £°°{'N) such that 
f^T = limj,_>oo Adf Then [it{v'^) — v'^ converges to compact uniformly in the 
strong* topology as z/ —)■ oo. 

Proof. The canonical extension /3 is inner. Thanks to the result due to Kallman 
and Moore as mentioned in §2.2^ we can take a one-parameter unitary group 
Wf G 3sf such that /3f = A.dwt. 

Let % be the standard Hilbert space of Ji. We regard % as an ?sf-?\f bimodule 
as usual. Let ^ G 3C, S* > and \I' := {wl^ \ t G [— 5, S]}. Then we have 
sup^g^ — /3t('7)'^'^|| since Pt = limi,_i.oo Ad f in Aut(?sf), and \E' is 
compact. Thus, 

\\mvn-vni\\ = \\{^tv''w:-v'^)i\\ 

< sup wv-'t] - Mvvw + wwtM^tOv" - 

= sup Wv-'r] - MvVW + WMOv" - 

where we have used /3T{wt) = WTWtW^ = wt+i-t = "W^i- The last terms are 
converging to as z/ — )■ oo. Hence we have ||(/3t(f'^) — v^)S,\\ — )■ uniformly on 
[— 5", S"] as z/ ^ oo. Similarly, ~^ uniformly on [— S", S"] as 

V — i- oo. □ 

Remark 4.18. For a modular automorphism group, the previous lemma is shown 
without use of the canonical extension. Indeed, let us assume that a faithful state 
<y9 G X* and T G M satisfy a'^ = limj,_^oo Adf^ in ?sf as above. Using a^{ip) = (p, 
we have || [i;*^, (y?] || = ||Ad 17^(^9) — — )■ as — ?■ 00. Thus by [S] Lemma 2.7], 
ll'^f ('^'^) "~ ~^ compact uniformly as z/ — )■ 00. 

By Lemma [4.10[ Theorem 14. 1 II and Lemma [4.17[ we have the following result. 
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Proposition 4.19. Let /3 be an extended modular flow on a von Neumann algebra 
K. // P is pointwise approximately inner, the dual flow a := [5 has the Rohlin 
property. 

Let be as above. We show that the Connes-Takesaki module flow of a is 

faithful. Denote by M the crossed product K M. Then M = !N xi^R and 5 = /3 

by Lemma 12. 3[ Since /3 is implemented by a one-parameter unitary group as 
mentioned before, we have an isomorphism {M, 6', 5} = {?sf(8>i^(IR), 9, id(8>Ad e_t}, 
where e_j G Cfe(M) is e_j(s) := e"*''*. By simple calculation, we have Csit) G 2'(!N) 
satisfying 

e,{a ® \{t)) = {e,{a) ® l)(c,(t)* ® A(t)). 
Since Cs{t + t') = Cs(t)cs{t'), we have a positive operator Ks affiliated with Z^N) 
such that Cs{t) = Kf. 

Then by the isomorphism vr: L(M) — )■ with 7r(A(t))(/i) = /i**, we have 

{M,e,a} ^ {>J"(g)L~(R;),^,id(g)AdA(t)}, where (A(t)O(s) = ^{e~*s) fort,s > 0. 
In particular, mod(Q!t) is the translation on := {h ^ M. \ h > 0}. 

If we regard Kg as the function Kg-. Xj^ — )■ M^, we have the following for all 
X G Xj^ and > 0: 

^,(l®/)(x,/i) = /(K,(x)/i) 
Hence the flow space Xm is naturally isomorphic to Xj^ x R^. Let and 
F'^ be the flow of weights of M and respectively. Then we have F^{x, h) = 
{F^x, Ks{x)h). Summarizing the discussion above, we have the following result. 

Theorem 4.20. Let (5 be an extended modular flow on ?sf and a := P be the dual 
flow on M := K x^M. Then there exists an M.*^-valued F-^ -cocycle K: Xy^ x M — > 
such that 

(1) Xm = Xy^x M;, F^{x, h) = (F^x, K{x, s)h) for all s e R, x E Xm and 
h > 0; 

(2) mod(a()(x, h) = [x, e~*/i) for all t E x E X^ and h > 0. 

5. Classification of Rohlin flows 

In this section, we will prove our main theorem (Theorem I5.14p of this paper. 

5.L Rohlin projection and averaging technique. The classiflcation of gen- 
eral Rohlin flows will be reduced to that of centrally ergodic Rohlin flows (see the 
proof Theorem 15. 14p . Hence let us assume that (a, c) is a Borel cocycle action of 
M on a von Neumann algebra M with the following properties: 

• Rohlin property; 

. Z(M)" = C and Sp,(aU(M)) ^ M. 
The case that Sp^{a\z{M)) = will be treated separately in the proof of Lemma 
15.121 Let us put Ha := Sp^{a\z(M)) that is a Borel subgroup of M. The following 
result is probably well-known to experts, but we present a proof for readers' 
convenience. 

Lemma 5.1. For any e > 0, there exists p > such thatp < e andZpCiHa = {0}. 
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Proof. Let E := [0, 1] C R, Eq := {t e E \ Zt n = {0}} and 

Ek := {t E E \ it ^ H^, i=l,...,k-l, kte H^}, keN. 

Since Eo = f]Z,il/i)H^a^{0}, and E^ = (l/A;)ff„nnti'(V^)^a, E^'s are Borel 
sets. Hence 1 = /i(-E) = Yl'kLo f^i^k) ■ Suppose that fi{Ek) > for some A; > 0. 
Then there exists 6 > such that (—5, 6) G E^ — E^. Since kEj. C i^Q,, we have 
{—kS, k6) C fc-Efc — kEk C -ffa. This forces Ha to be M, which is a contradiction. 
Thus /i(-Eo) = I5 and we are done. □ 

The above lemma states that an arbitrarily large 5* > can be chosen in such 
a way that (27r/S')ZnifQ = 0. Let v e M^^^ be a Rohlin unitary for —27i/S, that 
is, at{v) = e~2'^**/'^t>. Then a is a flow on W*{v) with period S. By the equality 
oat = ato r"', we have r^(t;") G Z{M) satisfies at(r'^(t;")) = e-2"^^*/^r^(t;") 
for n e Z, which yields, however, r'^(t'") = if n 7^ because —2mT/S ^ i^Q,- 
Hence t'^ is a faithful normal state on W*{v). 

Let V = e'^ dE{X) be the spectral decomposition on T = [0,27r). By easy 
calculation, we have at{dE{X)) = dE{\ + 2-Kt/S). We set e(A) := E{2'nX/S) 
for A G [0,5). Then at(rfe(A)) = de{\ + t) and = e^""'^/^ de{\). Thus 
(ir'^(e(-)) coincides with the Haar measure on the torus [0,5) = M/S'Z, that is, 
the normalized Lebesgue measure. Therefore, for / G L°°[0,S'), we can define 
f{y) = fit) de{X). Then L°°[0, 5) 9 / ^ f{v) G Vr*(f) is an isomorphism. 

Following [5^157], we introduce a normal *-homomorphism G : M(g)L°°[0, S) — )■ 
such that e(a ® /) = a/(t;). 

Lemma 5.2. Lei S* > wi/i (2tt / 3)1^(1 = {0}. T/ien i/iere exists an isomor- 
phism 0: M L°°[0, 5) ^ M V l^*(t;) such that 

• e(a ® /) = af{v) for all a E M and f G L°°[0, 5); 

• a* o 6 = at ® where [0, 5) zs regarded as a circle M./SZ, and jt denotes 
the rotation by t on [0, S); 

• r"^ o 6 = idjvt ® fi, where denotes the integration by the normalized 
Lebesgue measure. 

Proof Let z{X) := e^^^^/^ for A G [0, S). Then we have 

(^"(ai;") = (^(ar^K)) = 5„,o<^(a) = ® /i)(a ® 2"). 

Since {a ® 2;" | n G Z} and {af " | n G Z} span strongly dense *-algebras in 
M (g) L°^[0, 5) and M V W*{v), respectively, we have such 6. □ 

The map 9 plays a role of Shapiro's lemma, that is, 0(a), a G M ® L°°[0, S), 
can be regarded as the average of a{s) along with the Rohlin tower e{s). We may 
write B(a) in a formal manner as 

6(a) = / a(s) de{s). 
Jo 

From the previous lemma, for any ip G M;^, we obtain the following equality: 

\mw)\\l. = ^l'Ms)\\lds. (5.1) 
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Lemma 5.3. Let (a, c) be a Borel cocycle action o/M as before. Let S > with 
(27r/5)Z nH^ = {0}. Letu: [-T,T) x [0, S) ^ be a Borel map, $ C M, a 
finite set and e(A) G Maj,^ a Rohlin projection over [0, S). Set w{t) := Q{u(t, ■)), 
which is a Borel unitary path in M^. Then for any e > with 



c?s||[u(t,s),^]|| <£ forall^e<i>, 



there exist W E u and a lift {w{ty)i, of w(t) as in Lemma \3.21\ with respect to 
E := [— T, T) such that 

1 /-^ 

— J J[witr,ip]\\dt<3e for all if e^, u e W. 

Proof. Since ||['U,(y9]|| = for a unitary u, we may and do assume that 

$* = $. Note that [-T,T) 3 t ^ u{t, ■) G M (g) L°°(T) is a Borel unitary path. 
Hence so is t i-)- Q{u{t, ■)) G M^. Fix < 5 < 1 so that for all G $, 

5^ + A6\\^\\ <6^/\ {6 + e)/{l~6^/^) + 26^/^M <6^/^ + 2e, 56^/^ + 26M <e/2. 

(5.2) 

Since u(t, s) is Borel, there exists a compact set K C [— T, T) x [0, S) such that 
A^(-f^) ^ 25'T(1 — (5) and u is continuous on i^. 

Let N eN, and for z = -A^, . . . , - 1 and j = 0, . . . , - 1, we set 

/i := {t G M I zT/A^ < t < {i + 1)T/N}, 
Jj := {s G M I j5/A^ <s<{j + l)S/N}, 

'■= li ^ Jj. 

Fix a large A^ so that for all {t, s), {f, s') G Ajj fl K and G $, we have 

||M(t,s)-n(t',s')||[^l <5, ||[<^,n(t,s)-^z(t',s')]|| <5. (5.3) 

If Aj j n K 7^ 0, we fix an element ki j G Aj^ fl K. If empty, we put kij := 
{iT/N,jS/N). We set the following unitary in M: 

Mo(t,s) := ^M(A;„)lA,„(t,s), (t, s) G [-T, T) x [0,5). 

Then 

\\u{t,s) -Mo(t,s)||[^| < 6 for all (t, s) G G (5.4) 

Let V{t) := e(Mo(t, ■)) ^ M^. Then 

V^(t) = 5^«(A;„)U(t)e(J,). 

We estimate \\w{t) — V(t)||{*^|^ as follows. Put Kq := pi^K) C [— T, T), where 
pr denotes the projection (x, y) (-)■ x. Then T^'q x [0, S) C -ftT'^, where Kq and 
ii''^ are the complements in [— T, T) and [— T, T) x [0,5"), respectively. Hence 
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KKq) ■ S < 2ST6, and fi{Ko) > 2T(1 - 6). For t e [-T,T), we set Kt := {s e 
[0, S) I (t, s) G is:}. Then for t G [-T, T), we have 

Mt) - = \\e{u{t, ■)) - eK(t, 



I I \\u{t,s)-u,{t,s)\\\l^ds by dEH) 





M(t,s) -Mo(t,s)||P| rfs 



S 
1 

'^'S Ik- ~ 
s:2 



<5^ + 4Mi^,^)||^||/5 bydSD. 
Note that 

/ fxiK^)dt= [ {S - ixiKt))dt = 2ST - ix{K) <2ST5. 

J-T J-T 

Then by (lOjl . 

t/ —'JT 

Let C be a compact set in [— T, T] as in Lemma [3.211 with respect to w{t) such 
that /i(C) > 2T(1 — (5). By the inequahty above, we get 

f \\w{t) - V{t)\\\^^^ dt < 2T(5^/2 for ^ g (5 5) 

Put Uij := u{kij). For (t, s) G -fC, we have 

II Mij] II lA,,,nx(t, s) < II [y?, u{t, s)] W+^^W [<^, Uij - u{t, s)] \\ 1 A,,,nx(t, s) 

< \\[ip,u{t,s)]\\+6 by (5.6) 
Integrating them by {t, s) G K, we have 

J2\\[v,^mJM\j^K)< I \\[ip,u{t,s)]\\dtds + 2ST5 



K 



< I dt I ds\\[if,u{t,s)\\\+2ST5 

J-T Jo 

<2STe + 2ST6 = 2ST{e + 6). (5.7) 
Note that Eij /"(^ij ^ K') = ^K') < 2ST6. Set 

L := {(z, j) I /i(A,-, n ir^) < ST5'^yN^}. 
Then |L'^|/2A^^ < 5^/^ by the Chebyshev inequahty, and for (i, j) G L, 
/x(Aij nK)= fi{Ai^j) - ^(Aij n K') > ST/N^ - ST5^'^/N^ 
= (1 - 5^/^)ST/N\ 



39 



Thus by (15. 7p . we have 

J2 \\[^,u,,]\\/^N'<{6 + e)/{l-6'/'). 

By definition of L, we obtain 

{i,j)&L'' 

Hence by (15.21) . we get the following inequality for G $: 

Y^\\[ip,Ui^j\\\l2N^ < {8 + e)/{l-6^'^) + 25^'^^\\ <6^'^ + 2e. (5.8) 

Let {E^)v be a representing sequence of Ej := e(Jj) consisting of projections 
with = 1 for each u. We set V{ty := ■ li^{t)uijE^. On C n which 

may be non-compact, {t i— )■ w(ty}i, and {t i— >■ V(ty}i, are w-equicontinuous since 
V{ty is constant. Thus by Lemma [331 we have lim,^^^ ||w(t)'^ — V^(t)^|||<^| = 
\\w{t) — V^(t)|||^|„ is a uniform convergence on C fl Jj. We set 

$' := I <^ G -N <i< N -1, < J < N -1}. 

Note that T^{Ej) = 1/N by Lemma [5.21 Using (15. 5p and the above uniform 
convergence, we can find W G co such that 




w{ty - V{ty\\\^. dt < 3T6^/^ for all G ue W, (5.9) 



II [ip, EJ] II < e/QN for all G $ U < j < - 1, z/ G W, 

\\\ip\\/N - iIj{E^)\ < e/QN for all ^ G < j < - 1, v &W. 
Then for all <y9 G $, i,j and z/ G 

||[</.,m,,,E;]|| < ||[</^,m,,,]E;|| + ||m„-[¥;,£;;]|| < ||[(/.,M„-]EJ|| +£/6iV. 

Putting '?/' := [93, Ujj] and = u\iIj\, the polar decomposition, we obtain the 
following estimate for x G M with ||x|| < 1 and v G W: 

l([^,n,,]E;)(x)| = ||^|(i?»| < |[|^|,i?j](i?»| + ||^|(e>e;)| 

< ||[^,i?;]||||x|| + |^|(EJ)V2||a;|||^|(EJ)V2 
<e/6Ar+|^|(E;) <£/3Ar+ ll^ll/A^. 

Then for all <y9 G 2,j and v G VT, we obtain 

||[<^,n,,,EJ]|| <£/2iV+||[^,M„-]||/iV. 
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Hence for ^9 G $ and u E W 



[ \\[y^,V{tr]\\dt<J2 f \\[v,n^,JE^]\\hXt)dt 

<Y,{e/2N +\\[^,u,M/N)-{T/N) 



<eT + 2{5^'^ + 2e)T by ^ 

<2T{5^I^ + he/2). (5.10) 

We estimate || witf - F(t)''] || dt as follows: 
|[(/?,«;(t)'^-\/(t)'^]||c/t 



c 

< I \\{w{tyy-{v{try\\\^\dt+ I wwity -vm^^^^dt 

Jc Jc 

1/2 



+ ^^{CY'H I \\w{tr - vmUdt''' 



c 

< ^i{Cf'^ ■ (2 ■ ?,T5^/^f/^ + ■ (2 ■ 3T(5i/2)i/2 (jg^j 

< 7T5^/\ (5.11) 
Then for z/ G ly, 

[^,w{ty]\\dt< [ \\[^,witY -vity]\\dt+ [ \\[ip,vity]\\dt 

c Jc Jc 

< 2T{56'/^ + 5e/2) by 



and 



^ \\[^,wm\\dt< [ \\[^,wm\\dt+ [ \\[v,w{ty]\\dt 

-T Jc Jc 

< 2T{56^/^ + he/2) + 2||(/?||^(C^) 

< 2r(5(5^/^ + 5e/2) + 2\\^\\ ■ 2T6 

= 2T(55^/^ + 2511^11 +5^/2) < 6Te bv (K2^ . 



□ 



5.2. 2-cohomology vanishing. Let {a, c) be a Borel cocycle action of M on a 
von Neumann algebra M as in the previous subsection, that is, it has the Rohlin 
property and the ergodicity on Z(M.) such that a on Z(M.) is not conjugate to 
the translation on L°°(M). We will show that the 2-cocycle c can be perturbed 
to be close to 1. Let < 5 < 1, T > and a finite set $ C M+. Take S > T 
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such that (27r/5)Z n if^ = {0} and 

4^1/2/^1/2 ^ (5.12) 

Let e(A) be a Rohhn projection over [0,5*). We put U{t) := 6(c(t, ■ - t)*), 
where c denotes the periodization of c with respect to the second variable, that 
is, c(x, y) := c(x, ?/) for y G [0, 5), and c(x, ?/ + S") = c(x, ?/) for ?/ G R. 

Lemma 5.4. /n the above setting, there exist W ^ u and a lift {u{ty)^ ofU{t) 
as in Lemma 3.24 such that for all (f & ^, 

dt ! ds\\u{tYat{u{sY)c{t,s){u{t + sYY -l\\l<6 forallueW. 



1 



If e > satisfies 

dt ds\\[c(t,s),(p]\\ < e forallipe^, 



2ST 



T Jo 



then one can take W so that 

[u{tY, II dt < 3e for all^e^, v e W. 



1 '•^ 



2T 

Proof. By Lemma [521 we have at(U{sY = e(at(c(s, ■ - t - s)*)). Let -T < 
s,t<T. When t + s > 0, then 

c(x, A - t - s) = c(x, X-t- s)l[t+s,s){>^) + c{x, X-t- s + S')l[o,t+s)(A). 

Thus we have 

U{t)at{U{sYc{t, s)U{t + sY 

= e(c(t, ■ - t)*«t(c(s, • - t - s)*)c(t, s)c(t + s, ■ - t - s)) 
= e(c(t, ■ - t)*at(c(s, ■ - t - sYYit, sYit + s,--t- sY[t+s,s){-)) 
+ e(c(t, ■ - tYat{d{s, ■ - t - s)*)c(t, s)c(t + s, ■ - t - s)l[o,t+,)(-)) 

= 0(l[*+.,5)(-)) 

+ e(c(t, ■ - tYat{d{s, ■ - t - s)*)c(t, s)c(t + s, ■ - t - s)l[o,t+.)(-)). 
Then for G and t, s with t + s > 0: 

\\Uit)atiUi.sYcit,.s)Uit + .sY-l\\l 

< l|l[t+s,S')(') ~ l|lt®M + l|l[0,t+s)(')llt®M 

= 2||l[o,*+.)(-)ll^ 

=2iiv9ir/2(t+s)i/vsi/2 

< 2V2M'/^T^/yS'/^ < 6/2AT^ by (157[2|) . 

The same inequahty also holds when t + s < 0. Hence for all t, s G [— T, T] and 
^ G 

||f/(t)ai(f/(s))c(t, s)f/(t + s)* - l||i < 5/24T2. (5.13) 
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Then by Lemma 13.241 there exist a compact subset K C [— T, T]^ and a hft 
{u{tY)^ of U{t) such that ^i{K) > 4X^(1 - 6/24:T^), and for all G $, we have 
the following uniform convergence on K as u ^ u: 

WuityatiuisYHt, s)iuit + syy - i|it ^ \\uit)atiuis))cit, s)uit + sy - 

By (15. 131) . there exists W eu such that if (t, s) e K, u eW and e $, then 

||u(t)''at(n(s)'^)c(t, s){u{t + s)'')* - 1||^ < 
If u ^ W and then we obtain 

dt [ ds\\u{tyat{u{syy{t,s){u{t + syy 

■T J-T 

dtds \\u{tyat{u{syy{t, s){u{t + syy - 

K 

+ f dtds \\u{tyat{u{syy{t,syu{t + syy 

< ^i{K)5/2AT^ + 2||(^f 

< 4T2(l + 2||v9|r/')5/24T2 < 5/2 bv flET^. 

Next if we have (1/2S'T) (it c/s || [(p, c{t, s)] \\ < e for all G $, then 
dt I ds\\[ip,c{t,s -t)]\\ = I dt I ds\\[ip,c(t,s)]\\ < e, 



2ST _T /n "L'-' ^ ' 25T 



-T ^0 



and we can apply Lemma E31 to U{t) = Q{c{t, ■ — t)). Then we have the following 
for z/ close to u: 

1 

— J II [if, u{ty] \\^dt< 3£ for all cp E ^. 

□ 

Let us take a decreasing sequence {^njn, increasing sequences {T„}„ and {S'^jn 
such that < En < 1/n, S'„ > n, (27r/S'„)Z fl = {0}, and 

oo 

T^ + Sn<T^+i, Yl V44Tfc£fc < e^, AT^il/ S'J^, < e^+j24T^^,. (5.14) 

k=n+l 

The last inequality satisfies f l5.12p for 6 = Sn+i- For a finite set $ C M*, we 
define 

(i($) := max({l} U {||v9|| | G $}) . 

Theorem 5.5 (2-cohomology vanishing). Lei (a, c) 5e a Borel cocycle action of 
on a von Neumann algebra M. Suppose that {a, c) has the Rohlin property, and 
a is an ergodic flow on Z{M.) that is not conjugate to the translation on L°^(]R). 
Then the following statements hold: 

43 



(1) The 2-cocycle c is a cohoundary, that is, there exists a Borel unitary path 
V in JA such that 

v{t)at{v{s))c{t, s)v{t + s)* = 1 for almost every (t, s) E M^; 

(2) If for some n > 2 and a finite set $ C (M*) + , one has 

dt I ds\\c{t,s) — < En+i for all (pE^, 



Tn + 1 J ~Tn + -\_ 



then one can choose v{t) in (1) such that 

\\v{t) - iW^dt < en-id{^f'^ for all 
(3) If for some n > 2 and a finite set $ C M*, one has 

dt ds\\[c{t,s),(p]\\ < e forallpe^, 

-T„ Jo 

then one can take v in (1) satisfying 

\\[v{t),p\\\dt < (3£„_i + 3£)d($) for all if e 

Proof. We may assume that $ is contained in the unit ball of M*. 

(1), (2). First we assume that M is finite. Let r G be a faithful tracial 
state. Let J„ := [-T„,r„] and := /„ x /„. 

Employing Lemma 15. 4[ we have a Borel unitary path Vn{t) such that with 
:= Adf„(t) o at and c„(t, s) := f„(t)at(f„(s))c(t, + s)*, we get 

/ \\Cnit, s) - 1\\2 dtds < En+l, (5.15) 

Jn + l 

where || ■ II2 = || ■ ||r = || ■ ||r- It suffices to prove (1) and (2) for a". Then (a"', c"') 
has the Rohlin property by Lemma 14^31 Again by Lemma [574t there exists a Borel 
path u{t) such that 



\u{t)a^{u{s))cn{t, s)u{t + s)* — III2 dtds < e„+2- 
By (15.151) . we have 

\\u{t)a];{u{s))u{t + s)* - III2 dtds < 2e„+i. (5.16) 



Jn+l 

Let e(A) G 'Mu},a be a Rohlin projection over [0, 5'„) with respect to a. Then 
e(A) is also a Rohlin projection for a" by Lemma SSI Set W := ©(«(■)) G M^, 
where u is the periodization of u with period Sn- By Lemma 15. 2[ a]^{W) = 
e«(M(- - t))). For < t < T„, we have 

m(A -t)= uiX - t)l[t,5„)(A) +uiX-t + Sn)l[0,t)W- 
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Then 



Thus 



W*u{t)a'l{W) = Q{u{-)u{t)a1{u{- - t))) 



^" \\W*u{tKm-l\\ldt 







<2 1 ||e(K-)MtKW--t)-i)iM„)(-))ll2^^i 







+ 2 / \\Q{u{ru{t)a'^{ui--t + Sn)-l)l[od-W2dt 



2 



2 



<— / dt ds\\u{syu{t)a'l{u{s -t)) 

Jo Jt 

+ — / Atdt 

Jo 

2 ^ ,2 



n2 



< 8£„+i/^„ + 4T„VS'„ < 9£„, by dEH, mB- 

Similarly, we have the same inequality as the above for the integration over 
[— T„,0]. Hence 

\\W*u{t)a'^{W) - l\\ldt < 18e„. 

'-Tn 

Let {w'^)i, be a representing unitary sequence of W E M^. Take a compact set 
K C [—Tn, Tn] with fJ.{K) > 2T„(1— e„/2T„), such that a, Vn and m are continuous 
on K, and moreover, the family {K 3 t ^ a^{w'^)}i, is w-equicontinuous. Then 
we have the following estimate by Lemma 13.31 



K 



lim / II K)*u(t)a"K) - Illicit = / \\W*u(t)a'l(W)-l\\idt<18en. 
Hence 



lim / \\{wy u{t)a'l {w") dt 



<18e„+lim / \\{w'')*u{t)a'^{w^) ~l\\idt 

< 18£„ + 4/i(i^^n[-T„,T„]) 

< 18£:„ + Asn = 22en- 
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Thus for some z/ G N, we obtain 

- l\\ldt < 22e„. 
We set Vn+i{t) := {w'')*u{t)a1{w'') for t G M. Then 

/■T„ / /.T„ \ 1/2 

/ ||t;„+i(t)-l||2t^t< (2T„)'/M / ||t;„+i(t)-l||^citj 

< (44T„£„)V2, 

and 

/ \\vn+i{t)at{vn+i{s))d'{t,s)vn+i{t + s)* - l^dtds < en+2- 

J Jn + 2 

Let {d'^^^,Cn+i) be the perturbation of (q;",c„) by 

Repeating the above process, we obtain a family of Borel cocycle actions 
(a'^jCfc) and Borel unitary paths f^, k = n,n + 1, . . . such that {a''~^^ , Ck+i) is 
the perturbation of {a^, Ck) by ffc+i, and for A; > n + 1, 

/ \\vk{t) -lydt < {AATk-iEk-iy/'^, / \\ck{t, s) -1\\2 dtds <ek+i. 

J Ik-l Jk + 1 

Then a subsequence of Vk{t)vk-iit) ■ ■ ■t>„+i(t) strongly converges to a Borel path 
v{t) almost everywhere on R, and we have v{t)a^{v{s))c{t, s)v{t + s)* = 1 almost 
everywhere on M^. On the norm \\v{t) — 1||2, we have 

\\v (t) - ly dt = \imsnp / \\vk{t)vk^i{t) ■ ■ ■ Vn+i{t) - ly dt 

-Tn fc-5-OO J ~Tn 

oo 

< ^ V44Tfe£fe < by(l5l4!). 



Next we consider the case that M is properly infinite. By Lemma I5.4[ we 
perturb (a, c) to (a", c^) so that 

/ ||c"(t, s) - 1||^ rfttis < £:„+i V9 G 

By Lemma [2 .11 we can take a Borel map u{t) as 

M(t)«[^(M(s))c"(t, s)M(t + s)* = 1 for all (t, s) G Ml 

Thus we have 

/ \\u{t + syu{t)dl{u{s)) -iW^dtds <en, |s| < T„+i, G 
A computation as given in the finite case shows that for ly := 0('u), we have 
\\W*u{t)a'l{W)-l\\^^dt<l^en G 

-Tn 

Then we can prove (1) and (2) in a similar way to the above. 
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(3). We may assume that $* = $. By Lemma |5.4[ we find a Borel unitary 
path w such that 

dt / ds \\w{t)at{w{s))c{t, s)w{t + s)* -1\\^^^^< En+l, 

■Tn + 1 J —Tn + 1 

and II < 3e for all Let (a',c') be the perturbation of 

(a, c) by w. Then (a', c') is a Borel cocycle action with Rohlin property. By 
(2), there exists a Borel unitary path v such that v{t)a[{v{s))c'{t, s)v(t + s)* = 1 
almost everywhere on R^, and ||^(^) — ^ ^n-i for all 93 G Thus 

\\[v,v{t)]\\dt= / \\[vXt)-A\\dt 



< / \\v{ty -i\\\^\dt+ / \\v{t) -i\\\^*\dt 



Then we obtain 



Til r-Tn pTn 

\\[ip,v{t)w{t)]\\dt< / \\[ip,v{t)]\\dt+ / ||[</.,u;(t)]||dt 



□ 



5.3. Approximation by cocycle perturbation. Let a, /3 be flows on a von 
Neumann algebra M with aSt^ € Int(M). Then we can approximate by a 
perturbation of a* for finite t's. We would like to connect these unitaries by a 
continuous path, but we have not solved this problem. We can do for an ITPFI 
factor with a lacunary product state (see Proposition 19. ISp . Instead, we connect 
those by a Borel unitary path. 

Lemma 5.6. For any T > 0, e > and a compact set $ C M=k, there exists a 
Borel unitary path {u{t)}\t\<j- such that 

\\Ad u{t) o atiif) - f3t{v)\\ < 6 forall^e<l>, t e [-T,T]. 

Proof. Since $ is compact, we can take a finite set $0 C $ such that each y9 G $ 
has (fo G $0 such that ||(y9 — v^oll < ^/4. Choose a large G N so that 

\\ativ) - ifiW < e/Q, II A(v9) - v^ll < e/Q for all ip G $0, |t| < T/N. 

For each tj := jT/N, j = ~N, . . . ,N, we can take a unitary Uj such that 



II Ad u, o at^ - (3t^ II < £/6 for all ^ e %, j = -N, . . . , N. 
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We put a unitary := Xlj=-jv«ilfe,tj+i)(^)+'"ivl{*jv}(^)- Then for f e 
j — —N, . . . ,N — 1 and (p e we have 

\\Adu{t) o - /3t{ip)\\ = \\Aduj o - /3t{if)\\ 

< \\Aduj{at{ip) - at^iipm + \\AdujOat^{^)-/3t^{ip)\\ 

< £/6 + £/6 + e/6 = e/2. 

For (/9 G take (/9o G $o such that — (/9o|| < s/A. Then 
||AdK(i) o - /3t{^)\\ < \\Adu{t) (atiif) - at{ipo)) \\ 

+ \\Adu{t) o ati^o) - Mvo)\\ + mM - 
< \\(p - (po\\+ e/2 + \\(p - (fioW < e. 

□ 

Lemma 5.7. For any T > 0, e > and a finite set $ C M*, there exists a Borel 
unitary path {u{t)}\t\<2T such that 

\\Adu{t) o at{ip) - A(V^)|| < e for all ip e ^, t e [-2T,2T] 
\\[u{t)at{u{s))u{t + sy,^]\\ <e forall^e<^>, t,se[-T,T]. 

Proof. Let \1/ := {/9t(<^) \ ^ & ^,\t\ < 2T}, which is a compact set by continuity 
of p. By the previous lemma, we can take a Borel unitary path u{t) such that 

\\Adu(s)oas('il^) - PsWW < £/3 for all V e s G [-2T,2T]. 
Then for t,s e [-T, T] and e we have 

\\ Ad u{t)atiu{s)) o at+si^) - 

< \\Adu{t) o at{Adu{s) o as{^)) - Adu{t) o at{(3s{i/j))\\ 

+ \\Adu{t) o atiM)) - (3tmm\ 

= \\Adu{s) o asiij) - /3sm\ + \\Adu{t) o - Ws{m\ 

< e/3 + e/3 = 2e/3. 

Together with ||Q;t+s('0) — Adu{t + s)*/3t+s{ilj)\\ < s/3, we have 

\\Adu{t)at{u{s))u{t + sYo^t^,{i;)-^t^,{'4;)\\<e for all V' e t,se[-T,T]. 

Since P-t-s{<p) G ^ for <y9 e we are done. □ 

Lemma 5.8. Suppose that a is a centrally ergodic Rohlin flow on M such that 
SPd(a|z(M)) 7^ 1^- Then for any T > 0, e > and finite set $ C M*, there exists 
an a-cocycle u for a such that 

j \\Ad u{t) o at{ip) - lit{^)\\ dt < e for all if e^. 
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Proof. We may and do assume that $ is contained in the unit ball of M*. Let 
?7 > be such that 8r]^^^ < 1 and 2r] + 8r]^^^ < e. Take a large G N so that 

\\at{^)-^\\<7], \\l3t{^)-^\\<r]/T for all G $, |t| < T/AT. (5.17) 

Set 

/l(iV,T):={t, |j = -iV,...,iV}, t,-:=jT/iV, (5.18) 

and 

^ := {A(y;) I ^ G $ , teA{N,T)}. 

Recall f lSlij) and fix n G N with T < and 3£:„_i < r//(4A^ + 2). By Lemma 
\5.7\ there exists a Borel unitary path v{t) such that 

||Ady(t) o at{^) - A(^)|| < v/Tn+i for all ^ G ^, \t\, \s\ < 2T„+i, 



||[t;(t)at(t;(s))t;(s + t)*,^]|| < ^(SAr + 4)r,T„+i for all G ^, |s| < T„+i. 

Set 7t := Ad f (t) o a^, and c{t, s) := f (t)Q;t(f (s))f (t + s)*. Then (7, c) is a Borel 
cocycle action. By Theorem 15.51 there exists a Borel unitary path w such that 
w{t)'yt{w{s))c{t, s)w(t + s)* = 1 almost everywhere on M^, and 

\\[l3t^{ip),w{t)]\\dt <2r]/{2N + 1) for a\\ j = -N, . . . , N, G 

It is known that there exists a Borel a-cocycle u{t) that coincides with w{t)v{t) 
almost everywhere on M (see (TUl Remark III. 1.9]). Moreover, any Borel a-cocycle 
is automatically strongly continuous (see the remark after the proof). We set 

5^,, :={^G[-T„,TJ|||[A^(^),^^;(^)]||<r/l/VT„}, j = -N, . . . , N, ^ e 

By the Chebyshev inequality, we have n{B^j) < r]^/"^ /{2N + 1), where B'^^ = 

[-T„,T„] \ B^j. We let B^ := nf=-7v^^,i- Then fi{B^^) < E,/^(5^,i) < v'^'- 
Thus for all V9 G 

; J B^n[tj,tj + i] 



+ / \m^{^),wmdt 

< 7]^'^T/NTn + 2/i(5^ n [t„t,+i]). (5.19) 
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Therefore, for G $, we have 

N~l 

< 

j=-N " '3 

. , / '■j+i 



E \\m^)-Pt,{v),y^m\dt 

=-N "^'j 

+ E / \m,i^), wm\dt 

j=-N -^^i 



j=-N '1 
N-l 

+ E W^T/NTn + 2/x(5^ n [t„ t,+i])) by (El9]) 

j=~N 

<2N X 2r]/N + 277^/^ ^ 2/i(5^) by ( ISTTj) 

By the inequahty above, we obtain 

\\kdu{t)oat{^)- [5t{^)\\dt= / \\Mw{t)v{t)oat{^)- [5t{^)\\dt 

T J-T 

< [ \\Adw{t){Adv{t)oat{v)-f3t{^))\\dt 

J-T 

+ I \\Mw{t)op^{^)-Pt{^)\\dt. 

J-T 

T 

<2r] + J^J[w{t),f3t{^)]\\dt 
<2r] + 8r]^/^ < e. 

□ 

Remark 5.9. Let a be a flow on a separable von Neumann algebra M, and v 
a Borel a-cocycle in M. Then v is strongly continuous. Indeed, in the crossed 
product M XqM, we have the Borel one-parameter unitary group v{t)X°'{t). Since 
(M Xq, R)^ is Polish, v(t)X°'(t) is continuous, and so is v(t). 

Lemma 5.10. Let a be a flow on a von Neumann algebra M andu an a-cocycle. 
Then for allt^K. and ip G M*, one has 

\\[u{t),^]\\ = \\a_t{^)-Adu{-t)oa_t{^)\\. 
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Proof. Since Adu{t) o at o Adn(— t) o a_j = id, we have 
||Kt),^]|| = ||Adn(t)(^)-^|| 

= ||Adu(t) oato — Adu(t) o at o Adu{—t) o Q;_t(v9)|| 

= \\a_ti^) - Adui-t) o a_ti^)\\. 

□ 

5.4. Approximate vanishing of 1-cohomology. 

Theorem 5.11. Let a be a Rohlin flow on a von Neumann algebra M. Suppose 
that a is centrally ergodic and Sp^{a\z{M)) 7^ Let e,6,T > and $ C a 
fimte set. Take S > such that T\\ip\\/S < e'^/A for all if e ^ and (27r/5)Z n 
Sp^(a;|2(jvt)) = {0}. Then for any a-cocycle u with 

1 

- J \\[u{t),(p]\\dt <S for all (pe^, 

there exists a unitary w E M such that 

\\[w , (p]\\ < 36 for all (pe^, 

y ■ {u{t)atiw)w* - 1) II < e, II {u{t)atiw)w* - 1) ■ ip\\ < e for all \t\ < T, G 

Proof. We may and do assume that $* = $. Let e(A) G M^^^a be a Rohhn 
projection over [0, S). Put W := Q{u) G f/(M^), where u is the periodization of 
u with period S. Then it is trivial that 

u{X -t)= u{X - t)l[t,s)(A) + u{\-t + 5)l[o,t)(A) for all A G [0, S). 

For < t < T, we have 

u{t)at{W)W* = e{u{t)at{u{- - t))u{-)*) 

= e{u{t)at{u{- - t))u{-yi[tM-)) + e{u{t)at{u{- - 1 + s))u{-yi[o^t){-)) 
= e(i[t,5)(-)) + eHt)atiu{- - 1 + s))M(-)*i[o,i)(-)). 

Hence for all G $, we have 

imtK(iy)iy* - i||»^i. < ||e(i[,5)(-) - i)llL 

+ \\Q{u{t)at{u{--t + S))u{rimml\^ 

= 2||l[o,t)(-)llt|®^ 
<2t^/^p\\^/yS^/\ 

The same estimate as the above is valid for — T < t < 0. Thus if |t| < T, we have 
\\u{t)at{W)W* - Ijlf^i^ < 2ti/2||^||i/2/^i/2 ^ ^ ^ ^ ^_ 



Take a representing sequence {w"),, of ly G M^. By Lemma 13.31 we have the 
following uniform convergence on [— T, T]: 

lim \\uit)atiwniwr - lllti = \Ht)atmW* - inf^,.. 
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Hence if z/ G N is close to then for all t G [—T, T], 

\\ip ■ iu{t)atiwniwn* - 1)11 < 6, ||(M(t)aiK)K)* - 1) • ^11 < e. 

Applying Lemma [531 to u{t,s) := u{s), we have || [ly'^, || < 35 for u being close 
to u. □ 

5.5. Proof of the main theorem. We will prove our main theorem for centrally 
ergodic Rohlin flows by using the Bratteli-EUiott-Evans-Kishimoto intertwining 
argument [T5] . 

Lemma 5.12. Let a and /3 be Rohlin flows on a von Neumann algebra M. Sup- 
pose that a is centrally ergodic. Then a and /3 are strongly cocycle conjugate if 
and only if atP-t G Int(M) for a// 1 G M. 

Proof. The "only if" part is trivial. We will prove the "if" part. Assume atP-t G 
Int(M) for all t G M. 

Case 1. Sp^(aU(M)) = I^- 

In this case, the covariant system {L°°(]R), Ad A} embeds into {Z(M), a}. Since 
a is centrally ergodic, this embedding is surjective. (See Remark 15.131 ) Note 
that a = (3 on Z(M) since at/3_t ^ Int(M). By duality theorem, we obtain the 
following decompositions: 

M = M° VZ(M) ^M"®Z(M). (5.20) 

Note that Z(M°) C Z{M), and Z(M") = C = Z(M^), that is, the fixed point 
algebra M° is a factor. 

The ergodic flow a = P on Z(M) is identified with the translation on L°^(R), 
which produces the groupoid ^ := R x M. Applying [6ll Corollary XIII. 3. 29] to ^ 
and ^ ^ G with G := M(M°) and H := Int(M"), we can find 6 G Aut(M) 
and a Borel unitary path m: M — )■ M such that 9 = J^O^dx with 9^ G Int(M") 
and 

Adu{t)oat = 9oPto9-\ 

We should note that the statement of [BT], Corollary XIII. 3. 29] is concerned with 
a properly ergodic flow, but the proof is also applicable to M k R by setting a 
base space Z with natural transformation and a ceiling function r = 1. 

By Theorem 19. 41 9 is approximately inner. If we use [611 Proposition XIII. 3. 34], 
then it turns out that we may arrange u{t) to an a-cocycle. In our case, it 
is directly checked as follows. Since /3 is a flow, the cocycle action {Adu{t) o 
at,c{t,s)) must be a flow, where we have put c(t,s) = u(t)at{u{s))u{t + s)* 
which belongs to Z{M). By the conjugacy {M,a} = {M" ® L~(R), id® Ad A}, c 
is regarded as an L°°(R)-valued 2-cocycle with respect to the translation. Then 
c is a coboundary by [lOl Proposition A. 2]. Hence we may assume that v is an 
a-cocycle, and we are done. 

Case 2. Sprf(aU(M)) M. 

Take £:„,T„ > and Sn > which satisfy fl5.14p . Let us denote Ha : = 
Sp^{a\z(M)) as before. We should note that the choice of Sn depends on a, 
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that is, (27r/S'„)Z fl Ha = {0}. In what follows, we introduce a sequence of flows 
^(m)_ 'jj-^gy g^Ye cocycle perturbations of a and (3, and Ha = Hp = H^(n). Hence 
(27r/S'„)Z n H^im) = {0}, and we can apply the preceding results to 

Now for G N and T > 0, let A{N, T) be as defined in flSTTS]) . Let {<^i},^i be 
a dense countable set of the unit ball of M.,,, and set = {v9j}"^Q with a faithful 

state G M*. Set <l>o := $o, '^'i := '^'i, 7^"^^ := A and 7^°^ := at- 
By Lemma [5.81 there exists a 7''~^''-cocycle such that 

f ' ||AdM^(t) o - dt < El for all G ^i. 

J-T2 

Set := Ad u\t) o-fl''^\ wi := 1, {)-i(t) := 1, v\t) := ^^(t) =: v\t) and 
= ^0 = 01 := id. Choose Mi G N such that \\{v\t) - v'^is))if\\ < d and 
■ {v\t) -v\s))\\ < El for t,s e [-ri,Ti] with |t - s| < Ti/Mi and if G $o- 
We will inductively construct a flow an automorphism 9^ G Int(M), a 
7*^"'~^^-cocycle u"'{t), unitary paths v"'{t), v"'{t), a unitary w„ G M^, a natural 
number M„ G N, and a finite set $„ C M satisfying the following conditions: 
(n.l) <l„ = $„ U0„_i(<l>„) U {(^oi)'(t),^)'(t)<^o I t e A(Mfc,Tfc),l < /c < n - 1}; 
(n.2) 71") = AdM"(t)o7j"-2); 

(n.3) = M"(t)7f""^^(w„X, = f "(t)w„{)"-2(tX; 

(n.4) = Adm„ o 6'„_2; 

(n.5) h^H^) - 7i"''^(v^)ll < Bn for VP G <!>„; 

(n.Q) \\{v^{t) - IM < En, {v^{t) - 1)11 < Bn, \t\ < T„, G <l>„_i; 

{n.7) \\[Wn,ip]\\ < 3En-l, (p G l>n-i; 

(n.8) \\{v^{t)-v''is)M < En and ({;"(t) - < £„ for t,se [-T,,T„] 

with |t — s| < Tn/Mn and v? G $n-i- 

Suppose we have constructed them up to the n-th step. Define $„+i as the 
condition (n + 1.1). Employing Lemma |5T8| we take a 7'-"~^''-cocycle u'^^^{t) such 
that 

/Tn+2 
\\Adu^^\t) o 7^^'H^) - 7;"^(^)ll < en+i for ^ G U <l>,,+i. 

Combining this with (n.5), we have 

/Tn + l 
||Adw"+i(t) o ^i''-'\cp) - 7^"'H¥')|| dt < 2En for G 

By Lemma [5.10[ 

/T„+i 
\\[u^+\t),if]\\<2En for^G<l„. 

Using Tn/Sn < Bnl^i Sn < Tn+1 and Theorem 15.111 we get a unitary w„+i G M 
such that 

II [Wn+l, ip] II < 6En/ Sn < SEn for ip G $„, 

11^ ■ (w"+i(t)7;""'H«;„+i)<+i - 1)11 < Sn if |t| < T„, V^ G !>„, 
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and 

||(M"+l(t)7f"'H^n+lX+l - IM2 < en if |t| < ^ G 

Set 7j"+^^ = Kdu"+\t) o 7;""^\ = Adw„+i o and 

Then the conditions from {n + 1, 2) to (n + 1.7) are satisfied. Choose M^+i G N 
as in {n + 1.8) and the induction procedure is done. 

We first show the convergence of {62n\n and {62n+i}n- By {n + 2.7), 

||^n+2(V5) - dn{^)\\ = \\[Wn+2,0n{v)]\\2 < ^^n+l 

and 

\Kl2iv) - On\v)\\ = |IK+2,¥']||2 < 4e„+i for all ^ G $n+i. 

Thus the limits lim^^oo ^2n = c"o and lim^^oo 6'2n+i = o"i exist. 

We next show v'^"'{t) converges compact uniformly. If \t\ < T„+2; then 

= 11^0 ■ K+'(t)^„+2^)"(t)<+2 - 

< llv^o ■ K+'W - 1)11 + 11^0 ■ K+2i)"(t)<+2 - 

<£n+2 + llv^o- K+2t^"(tX+2-^^"W)ll by(n + 2.6). (5.21) 

For |t| < T„, take to G A(M„,T„) so that < |t - tol < r„/M„. Note </?o^^"(to) G 
$„+!. By (n.8), 

Hence the second term of (15.211) can be estimated as follows; 

||V^0-(«^n+2i)"(tX+2-^"W)ll 

< ||[w;„+2,V^o]|| + \\Wn+2V0V''{t) - f0V''\t)Wn+2\\ 

< 3en+i + 2en + ||w„+2<^o^^"(to) - fov"-(to)wn+2\\ by (n + 2.7), (n.8) 

< S^ri+l + 2£„ + 3£:„+i <8£„ by(n + 2.7). 

Thus we get 

We estimate ||('0""^^(t) — v"'{t))(fo\\ as follows: 

\\{r^'{t)-v^t))^o\\ 

= ||(t;"+2(t)^„+25"(t)<+2-^^"W)^o|| 

< i|(t;"+^(t) - l)u;„+2^^"(t)<+2^o|| + ll(t^n+2^^"(t)<+2 " ^^'^W)^o|| 

In the same way as above, we can show || (w„+2'0"(t)w*_,_2 — '0"(t))v9o|| < 8£:„. The 
first term is estimated as follows. We take to as above. Since v^(to)(pQ G $n+i, 
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we have 

< 2||K+2,¥'o]|| + IIK+'W - l)«;„+2i)"(t)^o|| 

< 6£„+i + ||K+'(t) - l)w;„+2(i)"(t) - i)"(to))¥'o|| 

+ - l)K+2,^)"(to)^o]|| + - l)t)"(to)</'ot/^„+2|| 

< 12e„+i. 
Hence we have 

\\{ff^+\t)-v'\t))-^4<2Qen if|t|<T„. 

Thus {"^"(t) converges compact uniformly in the strong* topology. In the same 
way, so does v'^''+^{t). Put v^{t) := lim„^oo and v^{t) := \mvn^^v'^'^+^{t), 

which are cocycles of ao o o a^^ and ai o /3j o crj,"^, respectively. By (n.5), we 
have 

Ad'i;°(t) o (To o o a^^ = Adv^{t) o ai o /3j o af^ for all t e M. 
Therefore, a and /3 are strongly cocycle conjugate. □ 

Remark 5.13. Let CP be a von Neumann algebra and a a flow on CP. Suppose 
that the covariant system {L°°(]R), Ad A} is embedded into {Z{7),a}. Then any 
a-cocycle is a coboundary as checked below. 

Thanks to 0H Theorem 1], it turns out that a is a dual flow. Indeed, G 
L°°(R) satisfies AdAf(e,) = e-*"*e„ where e,(x) = e*"^'. Let n: L°°(M) -> 
be an equivariant normal *-homomorphism. Put w{s) := e^. Since belongs 
to Z^"?), we obtain 

y = V {w(R)}" = y° >^Ad«, M = ® L°°(M). 

Then a is conjugate to id® Ad A. Thus a is stable (see the proof of [6(Xj Theorem 
XII.1.11]). 

Now we will prove the main theorem for general Rohlin flows. 

Theorem 5.14. Let a and /3 be Rohlin flows on a von Neumann algebra M. 
Then a and (3 are strongly cocycle conjugate if and only if at/3_t ^ Int(M) for all 
t e M. 

Proof. We only prove the "if" part. The assumption implies that a = (3 on Z{M.). 
Let (X, fi) be a measure theoretic spectrum of Z(M)" = Z(M)^. Then we obtain 
the following disintegrations: 

r® r® 

M= M^dfi{x), = / a^dfi{x), /3f = / (3^ dfi{x). 
Jx Jx J X 

Note that and are centrally ergodic flows on M^^ for almost every x. 

Claim 1. For almost every x G X, a^P^^ G Int(Ma;.) for all t G M. 
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Proof of Claim 1. Employing Theorem 19.41 we deduce that for each t G M, 
cttP^t G Int(M2,.) for almost every x G X. Thus by usual measure theoretic 
discussion, it turns out that for almost every x G X, a^f3^f G Int(Ms) for all 
t G Q. Since M 9 t i— )■ a^(3Z^ G Aut(Mj;) is continuous, we see that for almost 
every x G X, a^(3% G Int(M:,.) for all t G M. □ 

Claim 2. For almost every x G X, and are Rohlin flows. 

Proof of Claim 2. Let p G M. Employing Lemma 14.41 we take a central sequence 
{y'^)u in ^ such that G and atiy'^) — e^'^^v^ — )■ compact uniformly in the 
strong* topology as z/ — oo. By Lemma 19. 8[ a subsequence of {y^)v is central 
for almost every x G X. Hence we may and do assume that {v'^)v is central for 
almost every x G X. 

Let {^^}k be a norm dense sequence in M*. Then 

||KK)-e^^V)99l|= / ||K«)-e^^*<)¥^^|M/i(a;), 

Jx 

As the discussion in the proof of Lemma 19. 8[ we may and do assume that for 
each t G M, o.^{v^) — e*^*f^ converges to in the strong* topology as z/ — )■ oo for 
almost every x G X. 

Let f{t) = e"*P*l[o,i](t). Then for all z/ G N and x G X, we have 




Hence 

/ II («/«)-< V'IMM^)< f'dtf c/Mx)||K«)-e^^*<V^|| 
Jx Jo Jx 

Jo 

which converges to as z^ — )■ oo. Similarly we have \\ip^ ■ — f^)|| — t- 

0. Again by taking a subsequence if necessary, we may and do assume that 
{af{v^) — v^)y is a trivial sequence for almost every x G X. 

By LemmaEHH {Vx)u is a Rohlin unitary for p G M for almost every x G X. □ 

Combining the above claims. Lemma 15.121 and Theorem 19.131 we see that a 
and (3 are strongly cocycle conjugate. □ 

Thanks to |M1 Theorem 1 (i)] and Theorem 19. llj we know Int(M) = ker(mod) 
when M is injective. Hence we obtain the following corollary. 

Corollary 5.15. Let M he an injective von Neumann algebra and a,P Rohlin 
flows on M. Then a and P are strongly cocycle conjugate if and only ifmod{at) = 
mod(/3t) for all t G M. 
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Corollary 5.16. If M, is an injective factor of type IIi or IIIi, then any Rohlin 
flow is cocycle conjugate to id]vt ® where is a (unique) Rohlin flow on the 
injective factor of type IIi. 

Proof. Since Aut(M) = Int(M), any Rohlin flows are cocycle conjugate. □ 

Corollary 5.17. Let a be a flow on the type IIi injective factor M. Then the 
following statements are equivalent: 

(1) a has the Rohlin property; 

(2) a is invariantly approximately inner and T{a) = M. 
In this case, a is stably self-dual, that is, a ^ a ^ idB{e2). 

Proof. (1)^(2). The a is cocycle conjugate to a product type action as we will 
see in Example 16.131 in the next section. Thus a is invariantly approximately 
inner by Lemma [4. 7[ 

(2)^(1). Suppose that the condition (2) holds. Then the dual flow a has the 
Rohlin property by Theorem I4.11[ Since a preserves the trace on the type IIqo 
factor ?sf := M xIq M, mod(a) is trivial. Hence a is cocycle conjugate to a ® id on 
M (g) B{£'^), where a is the a product type action given in Example 16.131 Thus 
the bidual flow a is conjugate to a ® id. 

By Takesaki duality, a ~ a id on M (g) -B(£^). Hence a ® id ~ ® id on 
M®-B(£^). Since a is invariantly approximately inner, a has the Rohlin property 
by Theorem 14.111 Thus a has the Rohlin property by Lemma 12. 8[ Since both 
a id and a are trace preserving Rohlin flows, they are cocycle conjugate. □ 

Since the tensor product flow of an arbitrary flow and a Rohlin flow has the 
Rohlin property, we see the following result. 

Corollary 5.18. Let a and /3 be flows on an injective factor M such that 
mod(at) = mod(/3t) for all t G M. Let a be a Rohlin flow on the injective factor 
K of type III. Then a® a is strongly cocycle conjugate to (3 ® a. 

6. Applications 

In this section, we discuss several applications of our classiflcation result. 
Among them, we present a new proof of Kawahigashi's work on flows on the 
injective type Hi factor ^3D1[2I1[S2] and also that of classiflcation of injective type 
III factors. 

6.1. Classification of invariantly approximately inner flows. Let be 

flows on an injective factor M. Let ?sfi := M x^R and 1^2 := M X/jM. We denote 
by 6'-'^, mod(a)} and {Z(3n[2), 6^^, mod(/3)} the triples of the flow spaces, 

the flows of weights and the Connes- Takesaki modules for a and /3, respectively. 

Theorem 6.1. Let a, /3 be flows on an injective factor M. Suppose that they are 
invariantly approximately inner. Then the following statements hold: 

(1) Two flows a and /3 are stably conjugate if and only if the types (I, II and 
III) o/ M Xq M and M xi^ M are same, and the M.'^-actions 6] o mod{at) 
and 9l o mod(/3() on the corresponding flow spaces are conjugate; 

57 



(2) In (1), if one of the following conditions holds, then a and (3 are cocycle 
conjugate: 

• M. is infinite; 

• M xia M and M X/? M are not of type I. 

Proof. (1). The "only if" part is clear. We will show the "if" part. Recall that 
the dual flows a and /3 have the Rohlin property by Theorem 14.111 Since M 
is a factor, the dual flows are centrally ergodic. In particular, 'Ni and 1^2 are 
von Neumann algebras of type I, IIi, IIoo or III. To show the stable conjugacy, 
we may and do assume that !Ni and 'N2 are properly infinite by considering 
a^idB{i^) and l3^idB{£2y Then their core von Neumann algebras are isomorphic. 

Let G: Z^Ni) — )■ Z{'N2) be an isomorphism which conjugates 6] o mod(d;t) and 
6g o mod(/3i). Then by Lemma 16.191 which will be proved later, there exist an 
isomorphism p: Ni — )■ ?sf2 and a self-adjoint operator h affiliated with Z{'N2) such 
that Q = 9lo mod(p). (See ([S3D for the definition of 9h.) 
We set 7j := p o o p^^. Then 

mod(7t) = mod(p) o mod(di) o mod(p)~^ 
= ^^^060 mod(dt) o 6"^ o el 

= e\oQo mod(dt) o e^^ o el 
= e\ o mod(A) o el 

= mod(/3t). 

By Corollary 15.151 it turns out that 7 ~ /3. Hence a ~ /3, and a ® idB(£2) ~ 
/3 ® idB(fi) by Takesaki duality. 

(2). If M is infinite, then a ~ /3 as usual. Hence we suppose that M is of type 
III. Then Ki and 1^2 are of type II by our assumption. Since a and (3 are stably 
conjugate, there exist an a ® idB(^2)-cocycle w and 6* G Aut(M(g)-B(£^)) such that 

Adwt o {at ® idB(£2)) = e o {(3^ ^ idB(e2)) o e^K 

It turns out from (1) that a and a;®idM are also stably conjugate. Thus there 
exist an a&dB(e2)-cocjde v and an isomorphism 6'q, : M®M(8)i?(£^) — > M(8)-B(£^) 
such that 

Advt o {at ® idB(£2)) = e^ o {at ® id^ ® idij(£2)) o e~\ 
Ade^^{vt) o {at (g) idM ® idij(£2)) = 6*^^ o {at ® idB(^2)) o 6'„. 

We set 

01 := e^ o (idM ® 9-') o e-' o e, v[ ■.= er{e-\vi)), w't ■.= e,{e-\wt)). 
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The 9i is an automorphism on M B{P) which satisfies mod(0i) = 1. This is 
verified by computing its module with respect to a tracial weight. Then 

01 o {I3t (g) idB(f2)) o 

= Adw; o 0„ o (idM ® 0-^) o 0-^ o {at idB(^2)) o 0„ o (idM (E)9)o 9'^ 
= Ad (w^f^) o9aO (idjvt ® 6*-^) o {at ® idn ® idB(£2)) o (idn (S) 9) o 9^^ 
= Ad {w'tv't) o9aO {at (g) idjvt ® idB(^2)) o 6'"^ 
= Ad {w'tv'tVt) o (aj (g) idB(^2)). 

Hence we may and do assume that w and 9 satisfy 

Adwt o {at ® idB(f2)) = 9 o {I3t ® i(iB{p)) o mod(6') = 1. 

By the latter condition, we can take a unitary m G M (g) B{i'^) and a G Aut(M) 
such that Adw o 9 = a ^ idB{£2)- By setting ut := uwt{at ® '^(^b(P)){u*), we have 

Adwt o {at ® idB(^2)) = (0-0/3^0 a~'^) ® \dB{i^)- 

From the above relation, -u^ G M (g) C is clear, and we obtain 

Adwt o at = cr o (3t o a^^. 

Therefore a and /3 are cocycle conjugate. □ 

Lemma 6.2. Let 9 be an automorphism on a von Neumann algebra and a 
an automorphism on the crossed product "N xig Z. Suppose that 9 is ergodic and 
faithful on Z{'N), and a = id on !N. Then there exists a sequence of unitaries 
{vn)n in Z{T^) such that a = lim„_5.oo Ad f „ in Aut(M). 

Proof. Put A := Z{J^) and U := A^(l), the implementing unitary of M := ?\f x^Z. 
Since Z(M)^ = ^1^ = C, ^ is a centrally ergodic action of T. By [51] Corollary 
VI. 1.3], we have A'nM = T^. In particular, Z{M) = = C. 

Then c(m) := a{U'^)U*'^ belongs to fl M = yi, which is a 6'-cocycle. We 
will show that c is approximated by a coboundary. 

Let 93 G INf* be a faithful state and (p the dual state on M. Note that (poa = (p 
since a fixes J^. Let n G N and e„ := \j2r?{2n + 1). Take (5„ > so that if 
x G ^1 satisfies |x|<^ < 5„, then \9^{x)\^p < En with \k\ < n. Next take iV„ G N 
such that 12/A^„ < (5„. 

By [311 Lemma 10], there exists a partition of unity {/}U{ej}^Q in A such that 
9{ei) = Ci+i, i = 0,...,Nn-l, l/l^ < l/Nn, |eo|^ < l/Nn and le^vj^ < 2/Nn. 
Using the following inequalities: 

^(e^J < eo + / < 9{eNj + 9{f) + /, 9{f) = f + e, - ^(e^vj, 

we get 

|0(e;vJU<2/Ar,, |0(/)|^ < 4/Ar„ |ri(eo)U < 3/Ar„, |ri(/)|^ < 6/Ar„. 
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Set Vn '■= f + '^ito c{i)ei G A. Then Vn is a unitary, and 



N„ 



c{l)e{Vn) -Vn = C{l)e{f) + J] c(l)e(c(i))^(e,) - 

1=0 



i=0 



c{l)eU) + 5^ c(^)e, + c(l + iV„)^(e^J - 



■t=i 



Hence we have 



= c{l)eU) - / - c(0)eo + c(l + N^)e{eM^). 

\c{l)e{vn) - vX < m)\^ + \fU + |eo|^ + |^(e;vj|^ 
< A/Nn + l/iV„ + 1/Nn + 2/Nn 

and by c(-l) = e-\c{l)*), 

< + \f\e{^) + \eo\ei^) + l^(eivj|e(^) 

= \fU+\e'\m + \0-\eo)\^+\e^X 

< l/K, + 6/iV„ + + 

= 12/Nn < 6n. 

Therefore, if \k\ < n, then 

|^^(c(l)eK)-t;„)|^<£„, (6.1) 

\6''{c{-l)e-\vn)-Vn%<en. (6.2) 

We will prove the following inequality by induction: 

\c{k)e''ivn) - vX < \k\en if \k\ < n. (6.3) 

We first consider when > 0. Suppose that we have proved the inequality 
above for k — 1. Using the cocycle identity c{k) = c{k — 1)6^~^ {c{l)) , we obtain 
the following: 

\c{k)e\vn) - vX = \c{k - l)9''-\c{mvn)) - V. 



-"n I ip 

-'n I ip 

< En + \cik - l)9'-\vn) - VX hji^ 

< ken- 

Next we consider when k < 0. Suppose that we have proved the inequality 
above for k + 1. Using the cocycle identity c{k) = c{k + 1)6^^^ {c{—l)) , we obtain 
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I 



the following: 

\c{k)e\vn) - vX = Hk + i)e''+\c{-i)e-\vn)) - v„ 

<en + \c{k + l)d''+\vn)-Vn\p byQ 



< -ke 



n- 



Hence f l6.3p holds. 

We will prove that a = lim„ Adf„ in Aut(M). Since if o a = (p and f„ G M^, 
it suffices to show that a{x) = lim„Adf„(x) in the strong topology for x = 
X^|fc|<^^fc^'^ with Xk G X. When n > we obtain 



\a[X) — VnXV, 



2 



j2^Mk)-vj\v:))u' 



\k\<e 



\k\<e 



< J2 \\xf -^Icik) -VnO'^i 

\k\<e 

< \\xf ■ 2{2i + l)i€n by O 

< ||a;||^/?T,. 

Thus a{x) = lim„t>„xf*, and we are done. □ 

Lemma 6.3. Let a be a flow on an injective factor M. Suppose that a fixes a 
Cartan subalgebra A o/M. Then a is invariantly approximately inner. 

Proof. By [9l Theorem 10], we may and do assume that there exists a Z-action 
^ on 7l such that M = ^ xig Z. The factoriality of M implies the ergodicity and 
the faithfulness of 6. Thus by the previous lemma, a is invariantly approximately 
inner. □ 

In particular, Kawahigashi's example [331 Theorem 1.4] is invariantly approxi- 
mately inner. 

If a flow a fixes a Cartan subalgebra of an injective type IIi factor and r(a) = 
M, then a has the Rohlin property by Corollary 15.171 and the previous lemma. 
This means the uniqueness of a. As a result, we have proved the following main 
result of [32j. See Example 16 . 1 31 for a product type flow with the Rohlin property. 

Theorem 6.4 (Kawahigashi) . Let a be a flow on the injective type IIi factorial. 
If a fixes a Cartan subalgebra o/M and T{a) = R, then a is cocycle conjugate to 
a product type flow, and absorbs any product type actions. Thus such an action 
a is unique up to cocycle conjugacy. 

In [H Proposition 6.5, Theorem 6.6], Aoi and Yamanouchi have generalized the 
above Kawahigashi's result to the case of an action of a locally compact group on 
injective factors by groupoid method. We will prove their result for flows making 
use of a classification of Rohlin flows. 
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Corollary 6.5 (Aoi-Yamanouchi). Let a,P be flows on an injective injective 
factor M. Suppose that they fix a Cartan subalgebra ofJA, and both M M and 
M x_a M are not of type I. Then a and (3 are cocycle conjugate if and only if the 



Proof. By Lemma 16. 3[ a and (3 are invariantly approximately inner. When J^i is 
of type III, so is 'N2 since their flow spaces are isomorphic. Hence when J^i is of 



Remark 6.6. If 3^ := M x„ M is of type 1, then T{a) = {0}. This fact is 
verified as follows. Take a type 1 subfactor CP in [N" such that CP' fl K = Z(N). 
Hence we have the tensor product decomposition ?sf = T Z(?sf). Let 7^ be the 
restriction of at on Z^N). Then 7 is an ergodic flow. Since (id(8>7_f) oa^ = id on 
Z^N), (id ® j-t) o is inner. Take a measurable unitary map M 9 t 1— )■ f/t G !N 
such that at = Ad Ut o (id O 7*). Then c{t,s) := (id (g) -ft){U;)U^Ut+s is a 2- 
cocycle of 7 which belongs to C (8> Z^N). Thanks to [10, Proposition A. 2], c is a 
coboundary. Hence we may and do assume that U is an (id (g) 7)-cocycle. Then 
7 O (Z(3^) M) ^ K x<i M ^ M (g) B{L'^(R)) that is a factor. In particular, 7 is 
faithful, that is, {0} = ker7 = T{a). 

By the remark above, we have interest in a classification of flows with trivial 
Connes spectrum. 

Lemma 6.7. Let M. be a factor and a a flow on M. //r(a) = {0}, then a is 
invariantly approximately inner. 

Proof. When a is inner, a is implemented by one-parameter unitary group as 
usual. Thus the statement is trivial. 

Suppose that a is not inner. Let 3\f := M ® i?(£^) and a := a ^ idB{£2). By 
the same discussion as [U §5.3], there exist a perturbation cr of a and /i > such 
that e Sp((j) is isolated and 3\f = 'N^ x^ Z whose implementing unitary A'''(l) 
satisfies Sp^(A'*'(l)) C [fi,oo). 

Claim. The Z(N^) is non-atomic, and 'y is a faithful ergodic action on Z{'N'^). 
Proof of Claim. The factoriality of !N implies the central ergodicity of 7. Note 



that Z(y^'') ^ C. If so, then T{(t) = Sp((T) D Sp,(A^(l)) ^ {0}. This is 



a contradiction. Assume that Z{'N'^) were atomic. Take a minimal projection 
e e Z(K'^). By [4i Lemme 2.3.3], {0} = T{a) = T{a^). However, (K^)'^' = (K'^)^ 
is a factor, and r(a^) = Sp(o"'^). Hence a'^ is trivial. Since 3\f is a factor, a must 
be inner by [H Lemme 1.5.2], and this is a contradiction. Therefore, Z{'N'^) is 
non- atomic. 

Suppose that n > is the period of 7 on Z{'N'^). The ergodicity of 7 implies 
that ZiJ^")^ i°°{Z/nZ), which is atomic. Hence 7 must be faithful on N'^. □ 

By Lemma 16. 2^ we can deduce the invariantly approximate innerness of a and 
that of a. □ 
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conjugate. 
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o mod(/3t) on the corresponding flow spaces are 




□ 
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Remark 6.8. We can also prove the previous lemma in the following way. The 
condition T{a) = {0} means that a is faithful on Z(M x„M). If we use Theorem 
16.211 then it turns out that a has the Rohlin property. Thus a is invariantly 
approximately inner by Theorem 14.111 

By Theorem 16.11 and the previous lemma, we obtain the following result due 
to Kawahigashi for type IIi case [30j, Theorem 1.4] and Hui for type III case \T2\ 
Theorem 1.3]. 

Corollary 6.9. Let a, P be flows on the injective factor M. Suppose that T{a) = 
{0} = r(/3). Then the following statements hold: 

(1) The a is stably conjugate to f3 if and only if the types (I, II and III) of 
M xIq, R and M X/3 M are same, and the M.'^-actions $1 o mod(dt) and 
el o mod(/3 t) are conjugate as before; 

(2) In (1), if one of the following conditions hold, then a and (3 are cocycle 
conjugate: 

• IVl is infinite; 

• M xic^ M and M R are not of type I. 

Example 6.10 (Kawahigashi). The difference between the cocycle conjugacy 
and the stable conjugacy occurs only when M is of type IIi. We let a^''^ be the 
flow on the injective factor of type IIi defined by 



They are mutually stably conjugate, but not cocycle conjugate. See [331 Theorem 
2.9]. In particular, their crossed products are of type I. 

6.2. Examples of Rohlin flows on the injective factor of type IIi. We 

recall the notion of minimality (cf. 

Definition 6.11. Let a be an action of a locally compact group G on a factor 
M. We will say that a on M is minimal if a is faithful and (M")' fl M = C 

Theorem 6.12. Let a be an almost periodic and minimal flow on the injective 
type III factor M. Then a has the Rohlin property. 

Proof Set M(p) := {a; G M | at{x) = e'P^x}, p G R, and H := Sprf(a) = {p G 
R I M(j9) 7^ {0}}. As shown in [62] Lemma 2.4, Proposition 7.3], the eigenspace 
M(p) contains a unitary, and if is a dense countable subgroup of R. Take a 
unitary v{p) G M(p), and set 7p := Adt'(p)|M«, c{p,q) := v{p)v{q)v{p + q)* . 
Then (7, c) is a free cocycle action on M°, where we regard H as a. discrete 
group. Since (M")' ft M = C, is an injective subfactor of type IIi. By the 
2-cohomology vanishing theorem [521 Theorem 7.6], we may assume v{p) is a 
unitary representation of H, and 7 is a free action of H on M". By ^21 Lemma 
9.2], there exists {u{p)„}'^^^ C f/(M°) for each p e H such that for all p,q E H, 




7p = lim Ad u{p) 



lim \\%{u{q)n) - u{q) 




0. 
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In fact, we may assume lim„^oo \\u{p)nu{q)n — u{p + q)n\\2 = holds, but this is 
unnecessary in this proof. 

Fixp G H, and set Wn '■= u{p)*^v{jp). Then trivially atiwn) = e*^*w„, and {wn)n 
is a central sequence as verified below. For x G and q & H, we have 

\\wnxv{q) - xv{q)wn\\2 = \\u{p)nV{p)xv{q) - xv{q)u{p)y{p)\\2 

= \Hp)nlp{x)v{p + q) - x-fg{u{p)l)v{p + q)\\2 

= hp{x) - u{p)nX-^q{u{p)*J\\2 

< ||7p(x) - u{p)nxu{pyj2 + \\x {%{u{pyj - u{pyj\\^ , 

and the last terms converge to by the choice of Since the linear span 

of {M"f (g)}gg// is a strongly dense *-subalgebra of M, (w„)„ is central. Thus 
'^ui{{u)n)n) £ '^uj,a IS a Rohliu Unitary for p E H. 

We next show the existence of a Rohlin unitary for an arbitrary p E M.. Take 
a strongly dense countable set {xj}'^^ C Mi. 

For any n> 0, take g„ G H such that |e'^* — e*^"*| < 1/n, |t| < n. Let w„ G M 
be a unitary such that 

at{wn) = e^'^^^Wn, \\[wn,Xj]\\2 < l/n, l<j<n. 

Then for \t\ < n, 

\\at{wn) - e'P^Wnh < l/n. 
Thus TTio{{wn)n) IS a Rohliu unitary for p. □ 

Example 6.13. Let /i, G M \ {0} be such that fx/u ^ Q. Let cr be the flow on 
the injective type IIi factor M as defined below 

/l 

at := 0Ad e^^* 
n=i \0 e'" 

It is straightforward to check that a satisfies the condition of Theorem 16.41 or 
Theorem 16. 12[ Indeed, Sp^((T) = yuZ + z/Z. Hence a has the Rohlin property. We 
can also show this fact from Corollary 17.91 without using the classification result 
of discrete amenable group actions due to Ocneanu. 

By uniqueness of a Rohlin flow on the injective type IIi factor, any Rohlin flow 
is cocycle conjugate to a. We will study product type flows as above in more 
general setting in §6.51 

Example 6.14. Let G M \ Q and Ag be the irrational rotation C*-algebra 
generated by u and v satisfying uv = e^'^^^vu. For /x, z/ G M \ {0}, we introduce 
the ergodic flow a on Aq defined by at{u) = e*^*u and at{v) = e*^*f . If /i/z/ ^ Q 
and ^i/v ^ GL{2, 0)6, where each g G GL{2, Q) acts on R as the linear fractional 
transformation, then a is a Rohlin flow in the C*-sense by [571 Proposition 2.5]. 

We lift a to the weak closure of Aq with respect to the unique trace. Then 
we obtain a Rohlin flow on the injective type IIi factor. Hence Theorem 15.141 
implies that the flow a introduced in Example 16.131 and a are mutually cocycle 
conjugate. This fact is originally proved by Kawahigashi [311 Theorem 16]. 
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This example can be generalized to a higher-dimensional noncommutative torus 
[571 Proposition 2.5]. 



Remark 6.15. Let A be a C*-algebra and it: A ^ B{H) be a representation. A 
central sequence {x'^)u in A needs not to be central in 7r(y4)" in the von Neumann 
algebra sense. Indeed, let G A* be a state and vr^: A — )■ B{H^) be the GNS 
representation. Suppose that the normal extension of on M := tt^{A)" is 
faithful. Then {^p^{^p[a) | a G A} is a dense subspace of M*. 
Let {x'^)u be a central sequence in A. Then we have 

||[v?7r^(a),7r^(a;'')]||M. < ||a|| || 7r^(a;'')] ||m. + 

By the Kaplansky density theorem, we have || [ty?, 7r^(s'^)] Hm, = || [v^, a^"^] 
Therefore, {7:^{x''))u is central in M if and only if lim,^_i.oo II [v^? a;''] = 0. 

6.3. The classification of injective factors of type III. We recall the fol- 
lowing fundamental result. A sketch of a proof is given in order that we can 
understand the outline. 

Theorem 6.16 (Connes, Haagerup, Kawahigashi-Sutherland-Takesaki). Let M 

he an injective von Neumann algebra and (p a faithful normal state on M. Then 
at G M(M) for all t G M. 

Proof. By Theorem 19.41 and the disintegration of a"^ as (19.21) . we may and do 
assume that M is a factor. The semifinite case is trivial. 

If M is of type IIIa with < A < 1, then there exists an automorphism 9 on 
the injective type IIi factor K such that M = K xig Z and to6 = Ar. Then by [6l 
Lemma 5, Theorem 1.2.5], 6 has the Rohlin property as a Z-action, and the dual 
action 6t = erf is invariantly approximately inner as a torus action. This fact is 
proved in a similar way to Theorem 14.111 

By [5], Proposition 3.9], a modular automorphism is approximately inner for 
any factor of type IIIq. We will prove this fact by using Rohlin flows in Corollary 

EM 

If M is of type IIIi, then the asymptotic bicentralizer of any faithful normal 
state is trivial [121 Corollary 2.4]. As is proved in [8j, Theorem IV. 1], the semidis- 
creteness implies the approximate innerness of a modular automorphism. □ 

Assuming this theorem, we present the classification of injective type III von 
Neumann algebras from a viewpoint of Rohlin property. 

Theorem 6.17 (Connes, Haagerup, Krieger). Let Mi and M2 be injective von 
Neumann algebras of type IIL Then they are isomorphic if and only if their flows 
of weights are isomorphic. 

Proof. The "only if" part is clear, and we will show the "if" part. Let Mi and M2 
as above. Let yji and (^2 be faithful normal states on Mi and M2, respectively. 
By our assumption and the uniqueness of the injective type IIoo factor, we may 
regard Mi = M2, and the dual flows 6^ := a'^i and 6'^ := are equal on Z(Mi). 
By standard prescription (see the proof of Lemma [6. 191) . we may and do assume 
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that 6^ and 6"^ are scaling the same trace t a.s t o 6^ = e = r o 6^. Thus 
mod{9l) = mod{9^). 

By Proposition 14.191 and the previous theorem, it turns out that 6^ and 6'^ 
have the Rohhn property. Thus by Corollary 15.151 they are cocycle conjugate. 
In particular, Mi Xgi M = M2 M. Hence Mi = M2 by Takesaki duality. □ 

Let us denote by JIq, !3io,i and "Jl^o the injective factors of type IIi, Hqo and IIIi. 
Let us focus on the injective type IIIi factor Jloo- The core of 3^oo is isomorphic 
to 3^0,1- The dual flow 6 scales the trace r as r o = e~*r. As we have seen, 6 
has the Rohlin property. We summarize this fact as follows. 

Theorem 6.18. A trace scaling flow on ^Ro,i has the Rohlin property. 

Proof. Let ^ be a trace scaling flow on 3?o,i and r a faithful normal tracial weight 
on 3?o,i- Then there exists a non-zero p G M such that t o 9t = e~^*r for t G M. 
Using := 6't/p if p 7^ 1, we may and do assume r o 6t = e^V. We have known 
that 9 has the Rohlin property. □ 

Let us refine Theorem 16 . 1 71 for later use (see Theorem I6.28p . Let M be a von 
Neumann algebra. For a self-adjoint operator h affiliated with Z(M), we define 
Oh e Aut(M) by 

ef,{x) = X, eh{X^{t)) = e-''^'X^{t) for X G M, G W{M), t G M. (6.4) 

Lemma 6.19. Let 7i and T2 be injective von Neumann algebras which are one of 
type I, Ih, IIoo or III. Let {Z(?i), e^}^andjZ (¥2) , 9^} be the flow of weights ofTi 
and CP2, respectively. Suppose that 7i = T2 von Neumann algebras and there 
exists an isomorphism 0: ZiVi) — )• ^(^2) with Q oO] = Of oQ on ZiVi) for all 
i G M. Then there exist an isomorphism p: CPi — )■ IP2 and a self-adjoint operator 
h that is affiliated with Z{72) such that Q = 6\o mod(p) = mod(p) o O^^i^^^y 

Proof. By the assumption of the injectivity, there exist a semifinite injective factor 
Q, an abelian von Neumann algebra A and isomorphisms nj : CP j — )■ Q ® ^ with 
j = 1, 2. We put ipf := Tij oO^ onj^ . By Proposition 14. 191 and Theorem 16. 16[ they 
are Rohlin flows. 

Then 60 := 'n'2°Q°'^i^\A is an automorphism on A such that Qooipj = i/j^oQq 
on A. By replacing with tti with (idg ® Qq) o vti, we may and do assume that 
'4't = "^At on and vr^^ o 7ri|^^^^ = 6. 

Claim. There exists 7 G Aut(Q (g) A) such that 'j\a = idyi and j o o j'-^ = "^t 
modulo Int(Q ® ./I). 

Proof of Claim. When Ti is of type I, so is Q. Since V'^^V'-tU = idyi and Aut(Q) = 
Int(Q), we can deduce ipl'ip'^t G Int(Q ® A) by Theorem 19.51 

When Ti is of type Hi, so is Q. Since Aut(Q) = Int(Q), ^^V-t e Int(Q ® A) 
by Theorem 19. 4[ 

When CP2 is of type Hqo or III, Q is the injective factor of type IIqo- Let 
r be a faithful normal semifinite tracial weight on Q. Take ipj G Vr(yi) with 

(r ® ipj) oipl = e"*(r (g) (pj) for j = 1, 2. 
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Realize A as L°°{X,fi2) where (p2{ci) = (^{^) dfi2{x). Let h{x) be a positive 
measurable function such that (pi{a) = h{x)a{x)dfi2{x). Take 7 G Aut(Q(8)yi) 

of the form 7 = 'j^ diJ,2ix) such that to'j^ = h{x)T. Then (r(8)</)2)o7 = t®v^i, 
and 

(r (g) (^92) o 7 o ipl o 7"^ = e"*(r ® 1P2). 
Since 'y o o 7"^ = -j/;^ obtain mod(7 o ipj o 7"-*^) = modlipf). By 

Theorem \9JT[ o tp} o 7-1 o ^2 ^ g lHt(Q O yi). □ 

Replacing tti with 7 o vti, we may assume that ipt — i^t modulo Int(Q (g) ^1). 
Then by Theorem 15. 15[ there exist 7' G Int(Q (8)71) and a T/^^-cocycle if such that 
7' o o 7'"-*^ = Ad o ijj^. Then vr^"^ o 7' o tti = O on Z(7i). Thus we can extend 
to the isomorphism from CPi onto CP2 by putting O := 713"^ o 7' o tti on Ti. 

Put := 7i2'^{wt). Then f is a ^^-cocycle and we obtain ©o^^^oO^^ = Advto9^. 

By stability of 6^ jlOl Theorem III. 5.1], there exists a unitary w G CP2 such that 

vt = w*e^{w). Set 9' := AdwoB. Then 9' = 6 on Z{¥i) and e'o^io(e')-^ = 9^ 
for t G M. Thus we may and do assume that Q 06^ o = 6^. This implies that 
e(Ti) = ^2. Putp:=e|a>,. 

Let if G W{7i). Then ut := e{\^{t))\p''^\t)* belongs to = T2, and 

Hence there exists ^ W{'?2) such that Ut = [Dip : Z}p((y9)]t. For x G y2 and 
t G M, we have 

af{x) = Ut(T^^'^\x)ul 

= QiXnt))xQiXntr) = p{atip-\x))) 
= a?^^\x). 

Thus Ut G Z{7'2)- Let /i be a positive operator affiliated with Z{72) such that 
= e**''. The u does not depend on (p. Indeed, for another x G CPi, we have 

e(A^(t)) = e{[Dx : i)^]*A^(t)) 

= MiA''(^)(^)- 

This shows = 61 op. □ 

6.4. Non-fullness of type IIIq factors. In [5], it is shown that a modular 
automorphism group on any type IIIq factor M is approximately inner. This 
implies the non-fullness of an arbitrary type IIIq factors. If we apply Lemma 16.71 
to the discrete decomposition of M, then the invariant approximate innerness of 
cr'^ is immediately obtained. We will present another approach to that by showing 
that any non-periodic ergodic flow on a commutative von Neumann algebra has 
the Rohlin property. 
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Let {X,fi,3^t) be a non-singular properly ergodic flow with = 1. We can 

assume that {X, fi, 3^t) is given by a flow built under a ceiling function with a 
base space {Y, u, S) and a positive function r{y) on Y. We represent x G X as 
{n{x),h{x)) eYxR with < h{x) < r{n{x)). We can assume that < -Ri < 
r{y) < i?2 for some Ri > 0. (In fact, we can assume that r{y) takes only two 
values. See [HI [55].) Let Z tx F be the groupoid whose multiplication rule is 
given by {n, S"^y){m, y) := {n + m,y). For (n, ?/) G Z k F, we set 

{YrMs'y) ifn>i, 

T{n,y) := < if n = 0, 

\-T{-n,S''y) ifn<-L 

Then T : ZkI^— s-Misa homomorphism. 

Next for {t,x) G M k X, we define N{t,x) = m if T{m,Tx{x)) < t + h{x) < 
T{m+ l,7r(a;)), where we note that lim„_>.oo x) = +oo since r{y) > Ri > 0. 
It turns out that XiMxX— T-Zisa homomorphism. The maps T and N are 
related to each other as follows: 

t = T{N{t, x), 7r(x)) + hiS'tx) - h{x) for all (t, x) G M k X. (6.5) 
Define a homomorphism p:RkX— T-ZxFby p(t, x) = {N{t, x),tt{x)). This 
induces the group homomorphism p* : Z^{Z kY) ^ Z^(M x X) by p*{c) := cop, 
where each Z^{-) denotes the set of T- valued cocycles. Let us denote by -B^(-) 
the set of coboundaries. Then p*{B^{Z k F)) C -B^(M K X). Hence the following 
group homomorphism is well-defined: 

p* : H\Z:kX)^ H\R k X). (6.6) 

In fact, p* is an isomorphism though we do not use this fact in what follows. See 
[Tin Proposition A. 2] or [571 Theorem 3.1] for its proof. 

For Ci, C2 G Z^{K. x X) and di,d2 G Z^{7j x F), we set the following metrics: 

Px(ci,C2):= max / \c{t,x) — c{t,x)\diJ,{x), 

0<t<Ri 

pY{di,d2) := j \di{l,y) - d2{l,y)\ du{y). 

Lemma 6.20. Fordi,d2 G Z^(Z x Y), we have 

Px{p*{di),p*{d2)) < R2pY{di,d2). 
In particular, p* is continuous. 

Proof. Note that N{t,x) G {0,1} for < t < Ri. Indeed, since < h{x) < 
r(7r(x)), we obtain 

t < h{x) + t < r(7r(x)) + t < r(7r(x)) + r{Sn{x)). 

If h{x) + t < r{n{x)), then N{t, x) = 0. If r(7r(x)) < h{x) + t, then X(t, x) = 1. 
Fix t with < t < Let 

Xi := {x G X I < h{x) < r(x) - t}, X2 := {x G X | r(x) - t < h{x) < r(x)}. 
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Then for Xi G Xi and X2 G X2, we have N{t,xi) = and N{t,X2) = 1. Hence 
p*{di){t,xi) = 1 =p*{d2){t,xi). Then 



/ \p*{di){t,x) - p*{d2)it,x)\diJ,{x) = / |p*((ii)(t,a;) -p*(d2)(t, x)| (i/i(a;) 

\di{l, 7r(x)) - (^2(1, 7r(x))| ci/i(x) 



<i?2 y^Mi(i,2/)-d2(i,2/)iMi/)- 

□ 

Theorem 6.21. Let A be an abelian von Neumann algebra and a a non-periodic 
ergodic flow on A. Then a has the Rohlin property. 

Proof. If Sp^(q;) = R, then a is conjugate to the translation on L°°(M). Thus the 
function 1 1— )■ e*^* does the job. 

We consider when Sp£;(a) 7^ M. Let (X, /i, 3^f) be a point reahzation of a with 
= 1. Note that 3" is properly ergodic since a is non-periodic. Then we 
represent (X, /i, 3^t) as a flow built under a ceiling function r with a base space 
(y, u, S) as before. We let e{f ){y) := /(^"^y) for / e 

Let p G M. For {t,x) G M K X and {n,y) G Z x y, we set c{t,x) := e*^* and 
(i(n, := e*^^^*^'^^ which are cocycles of M k X and Z k y, respectively. Then for 
(t, x) G M K X, we have 

p*{d){t,x) = d{N{t,x),7r{x)) = e^P^Af 
= e^P(*-'*(^*^)+^(^)) by O 

This means p*{d) = cin H^{Rt< X). 

We let M„(?/) := d{-n,y) for n G Z and y G F. Then m: Z is a 

^-cocycle. By the proof of Lemma [6.2[ for any e > 0, there exists v G 
such that \uk — v*9''{v)\i, < e for k with \k\ < 1. 

Let v{y) be a bounded measurable function representing v G L°°(Y). We set a 
coboundary dv on Z x Y defined by dv{n,y) := v{S^y)v{y)* . Then 

py((i, ) = — f *6'~"'^(f )|^ < e. 

By the previous lemma, we obtain px{p*{d),p*{dv)) < R2e. 

Therefore, we have proved that c is approximated by a coboundary. More 
precisely, for any n G N, there exists a measurable function w„ : X — )■ T such 
that 



Px{c,dwn) = max / |e*^* — w„(x)*at(w„)(x)| < 1/n. 

Regarding Wn as a unitary in L°°(X, /i), we obtain 

- e*^WU < 1/^ if < t < 
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Then w := 7r^((u^„)n) G satisfies atiw) = e^^^w for all t G M. We will 
check that {wr,)n is (a, Co')-equicontinuous. Let f{t) := -Rf ^e~*P*l[o,_Ri](t) and 



Wr. 



Then 



\af{Wn) - w. 



rRi 

Jo 



latiwn) 



n I /i 



dt < 1/nRi. 



Thus af{wn) — If n in the strong* topology as n — oo. 



By Lemma 13.141 

□ 



Remark 6.22. By Theorem 15. IH any a-cocycle is approximated by a cobound- 
ary. To see this fact, we can avoid the Shapiro type argument for the fiow a 
when we use the fact that p* defined in (16.61) is isomorphism. The surjectivity of 
p* implies that any a-cocycle c may be assumed to be of the form p* (d) with d a 
^-cocycle. As we have seen d is approximated by a coboundary, and so is c. 

Corollary 6.23. Let Ji he a von Neumann algebra and a a flow on K. If a is 
non-periodic and ergodic on Z^N), then a has the Rohlin property. 

Since the dual fiow of a Rohlin fiow is invariantly approximately inner by 
Theorem 14. IH we get the following result due to Connes [5j . 

Corollary 6.24 (Connes). Let JA be a type IIIq factor. Then any modular auto- 
morphism group of M is approximately inner, and hence M is not a full factor. 

6.5. Product type flows. We will generalize Example 16.131 to a factor of type 
III. Let A = (Ai,...,Am) with all \j > and /j, = {ni, . . . , Hm) e K*^- We 
consider the following fiow: 



(M„+i(C),0a), h 



k=l 



a 



X,IJ, 



(g)Ad 



/I 




k=l 



1 + Ai 



+ K 

N 





-Tr 



/I 







Ai 



\0 







Am/ 



\0 



t G 



7 



Let = (8) 



oo 

k=l' 



a 



^'Z^, M = Ma and 



In what follows, we simply write a 
ip = ifx. It is trivial that a is invariantly approximately inner, and the dual fiow 
has the Rohlin property. This fact will enable us to classify a in terms of A and 
/X. Note that ((M^)°')' fl M = C because the infinite symmetric group ©oo is 
represented into {JA^)'^ canonically. 

The fiow a fixes the diagonal Cartan subalgebra of M, and we have already 
classified such fiows in Theorem 16.11 for injective infinite factors. However, we 
can easily compute the fiow of weights of M M because of the minimality of 
a, and we will classify a without use of the results obtained in §6.11 
By Lemma [2.31 we have the following identification: 

K = M xg R = (M x^^ R) X5 R. 
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Note that at{X'^{s)) = A'^(s). Since (M,^)" C M has the trivial relative corn- 
mutant, we have M' n K C C (g) {A^(M)}" ® {A"(M)}". From the picture of 
the product type flows, we can observe that M is strongly densely spanned by 
eigenvectors for both cx'^ and a. Take a non-zero element Xj G M such that 
af{at{xj)) = e^P°g^i^+A'i*)xj. Then we have 

TTain^^ixj)) = Xj (g) e^iogA, (g> e^fij, 

where es{t) := e*''* for s,t G M. Hence we obtain the natural identification 

Z{J<) = M' n K = (L(M) ® L(M)) n {e_iogA, ® e_^^, | j = 1, . . . ,m}', (6.7) 

where the flow of weights Og and the dual flow at are given by the restrictions of 
Ade_s (g) 1 and 1 (g) Ade_i. By the Fourier transform, we have the isomorphism 
L(M) (g) L(M) L°^(M) (g) L°°(R) such that A^(s) ® A"(t) ^ e, ® Then we 
have 

Mn (M X5M) = = (L°°(M) (g)L°^(M)) n {X{\ogXj)®X{i2j)y. 

The 0( and 5^ are transformed to Ad A(t) (g) 1 and 1 (g) Ad A(s), respectively. Note 
that Z{M) = (M' n (M ><5 R))^, and 

Z{M) ^L°°(M)n{A(logAj)}'. 

For si, . . . , Sfc G M^, we denote by (si, . . . , Sfc) the closed subgroup generated 
by them. We put 

Ca.m := {(^ogXj,iJ,j), I j = 1, . . . 
Put pTi{x,y) := X and pr2(x, = ?/. Then we have 

where pfj{Gx^fj_) denotes the closure of pTj{G\^^). 

Theorem 6.25. Let Mx, a := a^''" and K := Ma M as before. Let (X^, F^) 
be the flow of weights of 'N. Then the following holds: 

(1) One has the identification L°°{Xy{) = L°°{R'^)'^^-t^ that is the fixed point 
algebra of the translation action of G\ ^j_ on M^; 

(2) The flow of weights is given by 

f{F^{r,s)) = f{r + t,s) /or / G L-(X^), r,s,tGR; 

(3) The Connes-Takesaki module of at is given by 

{mod{at)fKr,s) = f{r,s~t) for f e L°^{Xj,), r,s,teR. 

Thus we obtain the following characterization of the factoriality and the type 
of 3\f. Remark 1631 states that if ?\f were of type I, then r(a) = {0}. Hence /ij = 
for all j, and Jsf = M (g) L°°(R) that is not of type I, and this is a contradiction. 
Thus K must be a von Neumann algebra of type Hi, Hqo or HI. When K is a 
factor, its type is either ll^o or HI. 

Corollary 6.26. The following statements hold: 

(1) Ma >ia>^,iJ- R is a factor if and only ifW2iG\^) = R; 
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(2) Mx xiaX.M M is a factor of 

• type 11^ if and only if Gx,fj, — K and Gx,^ ^Rx {0}; 

• type nil if and only if Gx,^ = R^; 

• type IIIq if and only if Gx,ij, — and pf2{Gx,n) = R; 

• type IIIp, 0<p<lifand only if Gx,^, and Ga,m 7^ M x Z. 

Proof We let := >^„a.m M. 

(1) . This is because W2{Gx,t^) = T{a), or = 

(2) . Recall that any closed subgroup in is isomorphic to one of the following: 

R X Z, R, Z^ Z, 0. 

The factoriality of !N excludes the cases Gx,^ — Z, 0. 

We know that N is semifinite if and only if the flow of weights is the translation 

on R, that is, Ga.^ ^ R. 

Since 3\f is a factor of type Illi if and only if L'^^Xj^) = C, wc have Gx,fj, = R^- 
Let us consider the case that Gx,^ — Z^. Then we can take a parallelogram as 

a fundamental domain of the action of Gx,n on R^. Then the flow of weights of 

K must be non-periodic because of the ergodicity. Thus K is of type IIIq if K is 

a factor. 

When Gx,ii = R © Z, a fundamental domain is a segment. By the factoriality, 
we have pr2(^A,At) = ^a,m 7^ R x Z. Then it is easy to see that the flow 

of weights of 3Nf is periodic, that is, N is of type IIIp with < p < 1. □ 

Example 6.27. We consider the case of m = 2. Then Ga,m is isomorphic to 
one of R, Z and 7?. Hence if K is a factor, then X must be of type IIqo or 
IIIq. The former comes from the modular flow a^t for some a G R. Let us 
consider the latter. Namely, ^1,^2 7^ and fii/iJ2 ^ Qj and the vectors Vi := 
(log Ai, pi) and V2 := (log A2, ^2) arc linearly independent. With this assumption, 
we obtain (Ai, A2) 7^ (1, 1), that is. Ma is of type III. Then Ga.m = Zvi -|-Zv2 and 
W2{Gx,n) = IR- Denote by /3 the dual flow of a^'^. 

We let Sl{r,s) := (r + t,s) and S^(r,s) := (r, s + t) for r,s,t e R. Then 
L°°(M.)^^-i^ is nothing but the fixed point algebra of L°^(R) with respect to the 
transformations Sl^^Xj^ftj^ 3 = 1)2. Recall that the flow of weights of 3\f and the 
Connes-Takesaki module of ^ are given by S] and S"^ on L°°(R)'^-^''^, respectively. 

We pull back the flows and -S"^ through the hnear transformation T : R^ — > 
R^, where 

rp l^logAl \0g\2\ 

Then we have 

T- o s; o r (;) = (;) + ff- (J) . r- o 5? o r = (;) + ff- (?) . 

Note that 

T-'^SUA^T (;) ^ (;) . (J) , T-^oSUSl^T^f) ^ (;) + (?) . 
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Thus the triple {Xj^, 5"^, mod(/3f)) is conjugate to the Kronecker flow on [0, 1]^. 
More precisely, with this identification, we have 

where Aa,,i := det(T) = /i2logAi — /iilogA2. This means that the vectors A 
and /i determine the directions of mod(/3t) and 3^^, respectively. In particular, 
mod(/3t) is non-periodic if and only if log AiZ + log A2Z is dense in M, that is. Ma 
is of type IIIi. 

We will prove in Lemma [6.311 that the modular part of a is equal to pr2(^A/i)' 
where we denote by Gj;^^ the annihilator group of Ga./x- Hence {x, y) G Gj^^ if and 
only if {x,y)T e (27rZ,27rZ). This implies that W2{Gi^^) = (27r/AA,;.)(log AiZ + 
logA2Z). This is not equal to M. Hence a is not extended modular. 

Now we will prove that the closed subgroup Gx^^ is a complete invariant of the 
cocycle conjugacy class of a^'^^. 

Theorem 6.28. Let m,n G N. Let X e and p e M" be such that Xj,pk > 
for all j, k. Let fi G M™' and 1/ G M". Consider the flows a^'^ and a^'^ on Ma 
and JAp, respectively. Then they are cocycle conjugate if and only if G\^^ = Gp^^,. 

Proof. Let us simply write a'^ := a'^''^ and := a^'^^ . Let (3^ := and 
■='SP. We put Ti := Ma M and T2 := Mp x^,- M. Recall that we have 
the isomorphism z(7i) ^ L°°(M2)Ga,;. and ^(^2) = L°°(M2)Gp,._ 

Suppose that a'^ and are cocycle conjugate flows, that is, there exist an a^- 
cocycle v and an isomorphism 0: Ma — ^ Mp such that Adf (t)oaj' = 0oq;^o0^^. 
Then extends to the isomorphism 0: CPi — 72 such that 0(7rQ,^i(x)) = 7rQ,i'(0(x)) 
and 0(A"'^(t)) ^7r«.(w(t))A"7t) for a; G Ma and t G M. Then (3'^ = (po /3f o 

Let (p: Ti — )■ 72 be the canonical extension of 0. Let and 9'^ be the dual flows 
on 7i and ^2, respectively. Then 6^ = (po 6j o and /3f = o o 0"-*^. Hence 
we have an isomorphism L°°(M^)*^^''^ = L°°{M.'^)'^P'^ preserving the translation of 
R\ Thus Ga,m = Gp,,. 

Next suppose that Ga,/^ = Gp ,^. Then we have an isomorphism cr: ZiVi) — )■ 
■Z^(J'2) preserving their flows of weights and the Connes-Takesaki modules of (i^ 
and Applying pr^- to Gx,p = Gp^^, we obtain r(a^^) = r(cr^'') and r(a'^) = 
r(a'^). In particular. Ma is semiflnite if and only if \j = 1 for all j. In this case, 
Pj = 1 for all j, and Ma = Mp is of type Hi. When Ma is of type HI, then Mp 
is the same type as Ma. Since they are not of type HIq, Ma = Mp. 

Case 1. r(a'^) = M. 

In this case, T{a'^) = pr2(G'p,iy) = M. Thus 7i and T2 are factors. By Corollary 
16.261 (2). Ti and 3^2 niust be a von Neumann algebra of type IIoo- Hence CPi = CP2- 

By Lemma 16. 19^ there exist s G M and an isomorphism : 1 — > CP2 such that 
a = mod(0) o 6*]. 
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Consider the flow ^yt := (f) o /3j^ o (p ""^ on Then they satisfy 
mod(7i) = mod(0) o mod(/3f') o mod(</))~^ 
= aoel^o mod(/3f ) o 6] o a'^ 
= a o mod{/3i') o a^^ 
= mod(/3r). 

Since they have the Rohhn property, 7 ~ /^"^ by Corollary 15.151 Hence by Takesaki 
duality, a'^ (g) idB{LHm)) ^ a" ^ idB(L2(R)). 

Case 2. r(a'^) ^ R. 

When r(a'^) = {0}, fij = = Uj for all j. Thus there is nothing to prove 
because af = idn^ and aj' = idMp- 

We consider the case that r{a'^) = pZ for some p > 0. Then a'^ and a'^ have 
the period T := 27r/p. When we regard them as the actions of the torus R/TZ, 
we denote them by 7^ and 7^, respectively. Note that they are minimal. 

Let Qi := Ma x^i R/TZ and Q2 := Mp x^2 R/TZ. Let 6^ and 6^ be the 
dual pZ-actions of 7^ and 7^, respectively. By a similar computation to (16.71) . we 
obtain the following natural isomorphism: 

Z(Qi) = L°°(R X pZf^'f^, Z{Q2) = L°°(R x pZ)^''•^ 

where the flows of weights act on the first coordinate, and the Connes- Takesaki 
modules of 6^ and 6"^ do on the second. Define an isomorphism a: Z{Qi) — t- Z{Q2) 
by this expression. 

Since Qi and Q2 must be of type lloo, there exist an isomorphism 0: Qi — )■ Q2 
and s G R such that cr = mod(0) o 6^ by Lemma [6.19[ where 6^ denotes the flow 
of weights of Qi. Putting 6' := (p o o 0^^, we obtain mod((5') = mod((5^). 

We compute the modular invariants of 6^ and 5^. Suppose that 6^^ = Adu for 

some n G Z and m G Q^. Since 6^ fixes Ma and Ma fl Qi = Z{Qi), we must 
have u G Z{Qi), that is, 5p„ = idg^. Thus n = 0. Likewise, it turns out that the 
modular part of 5^ is trivial. Hence 6^ and 6^ are centrally free. 

Therefore, 6^ ~ 5^ as pZ-actions by [29| Theorem 6.1] or [3H Theorem 20] (see 
[ini Theorem 3.1] for a simple proof). Thus ■y^<^idB{fi) ~ 7^®idB(^2) by Takesaki 
duality. This implies that a'^ idB(£2) ~ a'' ® idB(^2) as M-actions. 

Hence in either case, is stably conjugate to a'^. If M is infinite, this implies 
af" ~ a'' as shown in Remark O When Ma = Mp is finite, {0} = T{a^^) = 
Sp(cr'^^). Thus Xj = 1 for all j. Likewise, pk = 1 for all k. Then the condition 
G\,fj, = Gp^u implies that H := {pj \ j) = {uj \ j). 

When H = TZ for some T > 0, and a'^ have the period 2tx/T. Then they 
are regarded as minimal actions of the torus R/ (27r/T)Z on the injective type Hi 
factor. Hence is conjugate to by the uniqueness of a minimal action of the 
torus on the injective type Hi factor. 

When if = M, the both actions have the Rohlin property by Theorem 16.121 or 
16.321 Therefore, they are cocycle conjugate by Corollary 15.1 6[ □ 
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Next we describe the modular part A(a;'^''*) of a := a^'^ on M := Ma- By 
Lemma [9.7^ A(a'^''^) is a Borel subgroup of M which consists of elements t G M 
such that at are inner. 

Lemma 6.29. One has A{a) = ^Pdi'^lziMyi-M.)) ■ 

Proof. Let p G A(a). Take a unitary -Up G M such that 5p = Adwp. Then 
Vp := 7r5(M;)A"(p) belongs to M' n (M Xg M) = Z{M Xg M), and at{vp) = e-'P\. 
Thus — p, and hence, p belong to SPd(p\z{Mxi~R))- 

Suppose that —p G ^Pdi^^lziMx-m))- Take a non-zero ^ G Z(M x^R) such that 
at{z) = e~*P*2;. We put a := z*A"(p). Then a is fixed by 5, and a G 7r5(M). Let 
6 be such that a = Haib). For a; G M, we have bx = ap{x)b. Then by ergodicity 
of 6 on Z(M), we can take a unitary m G M such that ux = ap{x)u for all x G M 
(see the proof of Proposition 3.4]). Hence p G A(a). □ 

Let p G A{a) and take Up,Vp as given in the proof above. Since Z(M xg M) 
is included in C ® L(M) ® L(M), there^ exists U7p G L(R) = {A'^(M)}" such that 
Vp = 1 A"(p) = 7r5(l (g) Wp)\°'{p). Thus Up = 1 ® w*. In particular, 
at{up) = Up. 

Next we compute the modular invariant of Up. By fl6.7p . fp commutes with 
1 ® e(log Aj) (8) e(yUj) for all j. Hence 

O\ogx,iwp) = e'P^'^Wp. 

Then we obtain the character (logAj | j) = r(cr'^) 9 t i— )■ 9t{wp)Wp G T. Thus 
there exists q such that e*^^°^'^-' = e*^'^^ for all j. 

Lemma 6.30. An element p G M belongs to A(a) if and only if there exists g G M 
swc/i i/iai e*^^°S'^-' = e*^^^ /or a// j = 1, . . . , m. 

Proof. The "only if" part has been shown. We show the "if" part. Suppose that 
q satisfies e''^^°^^^ = e'^''^ for all j = 1, . . . ,m. Put u := 7r5(A^(g)*)A°(p). Then 
M is fixed by the action of Gx^^, and it turns out that u G Z{Jvi xg M). Thus we 
are done from the previous lemma. □ 

We let Gj;^^ be the annihilator group of Gx,fi with respect to the pairing of M^, 
that is, (a, b) G Gi^ if and only if e^("^+^^) = 1 for all (x, y) G Ga,m- Then the 
following lemma is an immediate consequence of the previous result. 

Lemma 6.31. The modular part A{a) coincides with pT2{G-^^). 

Now we will characterize when has the Rohlin property. 

Theorem 6.32. Let M := Ma and a := a^'^ as before. Then the following 
statements are equivalent: 

(1) The flow a has the Rohlin property; 

(2) M'n(Mx5R) = Z{M); 

(3) r(a) = M and at i Cnt(M) for all t ^ 0; 
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(4) {OjxMcGA,^. 

In this case, Gx^ = T{a'^) x M. Moreover, M M an injective infinite factor 
of the same type as B{L'^{M.)). 

Proof. (1)^(2). This is proved in Corollary 14.131 

(2) ^(3). The relative commutant property M' fl (M x^ M) = Z(M) implies 
that a is an outer flow, and at ^ Cnt(M) for t 7^ 0. By assumption, we have 
Z{M x^ M) = Z{M X5 R)^ = C. Thus T{a) = R. 

(3) ^(4). Since T{a) = R, M x^, R is a factor. By the previous lemma, we 
obtain pr2(G3^^) = {0}. Thus Gj;^^ is of the form H x {0} for a unique closed 
subgroup H CR. Then Gx,ti = H-^ xR, and (4) follows. 

(4) =^(1). The assumption of (4) implies that Ga,/^ = r(cr'^) x R. This implies 
the factoriality of M x^ R and mod(af) = id for all t G R. Hence a is pointwise 
approximately inner. Since Gx,^ = r(a'^) x R, we have Z{J^) = L°°(R)^('"*'). 
Thus 3\f is an injective infinite factor of the same type as M ® -B(L^(R)). 

As remarked before, a has the Rohlin property. Hence d ~ a° ® idj,f by 
Theorem I5.14[ where is a Rohlin flow on the injective type Hi factor. Then 
the Takesaki duality implies that a has the Rohlin property by Theorem 14.111 
and Corollary 15.171 □ 

Remark 6.33. When m = 2, Ga,/x is generated by two vectors (log Xj, Hj). Hence 
Gx,fi is isomorphic to one of Z^, Z and R. Then Gx,^ = r(cr'^) x R if and only if 
r(cT'^) = {0}. This means that ip is tracial and (/ii,/X2) = that is, a^'^ is the 
flow given in Example 16.131 

The following lemma is also used in the next subsection. 

Lemma 6.34. Let M he an injective factor and 7 a minimal action o/T™. Let 
: M — )■ M'^ he the faithful normal conditional expectation. Suppose that liV has 
the faithful normal tracial state r. Let ip := t o E . Then the following statements 
hold: 

(1) There exists X = (Ai, . . . , A^) such that Xj > andaf = 7(e»i°g^it,...,e»i°g^m*)/ 

(2) 'y(zi,...,zm) ~ Izi ® ■ ■ ■ ® Iz^ , where the T-action •y^^ is defined as 

00 

Ma, := (g)(M2(C), <Pj)", 0A, := ^^^r ■ 

n=l 

7^-0 Ad (J 

n=l ^ ' 

Proof (1). See [21 Proposition 5.2 (5)]. 

(2). Let K := M x^T*". Then af is implemented by X^{{e'^°^^^\ e*i°g^-*)). 
Thus !N is the injective factor of type IIoo- Let h he a positive operator affiliated 
with !N such that 

h'* = A^((e*^°s^i*,...,e*^°s^™*)). 
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Then r := <^/i-i is a faithful normal tracial weight on 'N. We compute the module 
of 7 as follows. Let (fci, . . . , km) G Z™". By definition of the dual action, we get 

and 

Hence 

TO^n , -.—in- . — p-i^i^oS^l + - + kmlogXm)^ _ \-ki _ \-km^ 

r O 7(fci,...,A;™) - <f'7{-fci,...,-fc„)W-i - ^ - ^1 ^• 

Thanks to ^52[ Theorem 2.9], we have the cocycle conjugacy as the Z'^-actions: 
7(fc„...,fc^) ~ ^1^^ ® ■ ■ ■ ® (fci, . . . , G Z'^ 



7m 



where is an aperiodic automorphism on the injective factor 3?o,i such that 
Tj o 6j = \J^Tj for a faithful semifinite normal trace tj on 3io,i- By Takesaki 
duality, 7 ~ 7 ® idB{£^)- Thus we have the following conjugacy: 

7(^1,...,^™) ® idB(£2) ^ (8) ■ • ■ ® Omzm^ (^1' ■ • ■ , 2;m) e T"". 
First we consider j such that Xj 7^ 1. Let t^- be the dual weight of tj on 
3^0,1 xifiij Z. Then we have {Oj)^^ = cr^^ which is cocycle conjugate to crf^-' because 

3^0,1 xe, ^ is isomorphic to Ma^.. Thus {9j)e^t ~ crt/'logXj = 

Next we suppose that \j = 1. In this case, 6j comes from an aperiodic auto- 
morphism on that is unique up to cocycle conjugacy. Thus 6j [3 ® idB(£2)), 
where /3 is a minimal action of T on "JIq. By uniqueness of /3, (3^ is conjugate to 
7^\ Hence {9j)z ~ 72^ ®idB(p)- Therefore, 

7(.i,...,.,„) ® idB(£2) ~ 7.^' ® ■ ■ ■ ® 7.^r ® idB(£2). (6.8) 

We will remove idB{p) as follows. Recall that r(cr'^) = Sp(cr'^) = (logAj | j). 
Hence M is infinite, then \j 7^ 1 for some j. By Remark 12.21 (to locally compact 
abelian groups), 7 ~ 7 ® id5(£2) and 7'^^ ~ 7^^^ ® idB(£2). Thus we are done. 

Let us consider the case that M is finite, that is, \j = 1 for all j. Then '~f(zi,...,zm) 
and 7^^^ ® ■ ■ -072" are minimal actions of T'" on 3^0? and they are conjugate. □ 

Let X, n E M"* as before. Regarding Xj, fij G M^, we obtain the the flow a^^''^^ 
as follows: 



00 

M,^. := (g)(M2(C), </),)", <f>,^ := Y^Tr 

n=l 



1 
A, 



n=l ^ 
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(zi, ...,Zm)eT 



(6.9) 



(fix 

«t — 7(e'''l*,...,e'Mmt), CTf — 7(gi 




Employing Lemma [6. 34 [ we obtain the following result. 
Theorem 6.35. Let A, /x be as before. Then a^''^ ~ a^^'^i ® ■ ■ ■ ® a'*""''''". 
This implies the following result. 

Corollary 6.36. Let A, ^t G and p, G M" wi/i Aj > and pk > for all 

j = 1, . . . ,m and k = 1, . . . ,n. Then we have a^®P'(^®'^ ~ a^'f^ (g) a^''^. 

Remark 6.37. If we put n = 1, p = 1 and u = in the above corollary, we have 
^Aep./xe^ ~ a^'f" ® ids^. Since GAep./xet^ = G\,^, a^^f'''®'' ~ a^''" by Theorem 
KM Thus we have a^''' ~ a^'/^ O ids^ 

As an application of Theorem 16.321 and 16.351 we will give an example of Rohlin 
flows on the injective type IIIi factor. Let CP be the injective type IIIi factor and 
ipi, ip2 e W{T). Let M := ? ^ y. We study when the flow a^l ® a^^^' on M has 
the Rohlin property for given p, and i^. 

Thanks to the Connes cocycle and the uniqueness of an injective type IIIi 
factor, we may and do assume that the both ipi and are equal to the following 
product state x = 0a ® 0p, where A, p satisfy < A, p < 1, log A/ log p ^ Q and 



Since logA/logp is irrational, Gx,j, is the closure of ]R(l,p) + M(l,z/). Thus if 
p 7^ z/, then Ga./x = 1^^, which is also equivalent to say {0} x R C G\^f^. 

Proposition 6.38. The a'^l ® has the Rohlin property if and only if p, ^ v. 
In this case, a'^l ® cr'^l ~ (g> idj?^, where a° is a (unique) Rohlin flow on JIq. 

Therefore, for any ip G W{Jioo), o'^lt'^^^^ac is a Rohlin flow unless p = though 
this sounds a little strange since the modular flow is centrally trivial. 
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Then trivially we have 




Thus letting 



we have a] 



A = (A, A,p,p), n = (plogA,z/logA,plogp, i/logp), 
c'^t ~ '^f Then Ga,/x is the closure of 

(ZlogA + Zlogp)(l,p) + (ZlogA + Zlogp)(l,z/). 



6.6. Quasi-free flows on Cuntz algebras. We recall basic facts on a Cuntz 
algebra and a quasi-free flow. Our standard references are [HI [HI ■ 

Let 2 < 72 < oo and 0„ the Cuntz algebra generated by isometrics si, . . . , s„ 
satisfying sjs* = 1. Then 0„ admits the canonical action of the unitary group 
U{n), that is, each unitary u = {uij)ij G U{n) maps the generator Sk to J2j '^jkSj- 
We embed T" into U{n) diagonally. Denote by 7 the action of T" on O^i, that is, 



7( 



Zl,...,2„) 



Zj Sj , 



J 



,n. 



We regard T as a closed subgroup of T" via the map z ^ {z, . . . ,z). Denote by 
Ou{n) and 3^"' the flxed point algebras by U (n) and T, respectively. Let us denote 
by An the fixed point algebra Then it is trivial that 







U{n) 



C A„ = C J" C On. 



It is known that 5"" is canonically isomorphic to (^j^M„(C). Let us denote by 
F the conditional expectation from 0„ onto 5"" given by averaging the action of 
T. For n := (/xi, . . . , fin) G R", we introduce the quasi-free flow as follows: 



n. 



Then we have Ou{n) C 01 C Of. Put 1 := (1, . . . , 1). Then is nothing but 



the action of T as stated above. Thus F{x) = Jq^ (^ti^) x G 0„. Note that 

the restriction of 7(1,21, on 5"" for Zj G T is of the form deflned in (16.91) . 

By [m Proposition 2.2] (and also [53l Theorem 2] in the case of /ij = 1), 
has a KMS state if and only if /ij/Xj > for all In fact, a KMS state (/^'^ and 
an inverse temperature /3 G M are unique, and given by 



(6.10) 



j=i 



where 



^'^:=(^Tr- 

fc=i 



e 
V 







\ 





-I3flr 



Let TT^: 0„ — )■ B{Hfj^) be the GNS representation with respect to the KMS 
state (p'^. We simply write M and !N for 7r^(0„)" and 7r^(A„)", respectively. 

The modular automorphism of ip'^ is given by af = a;'^^^. Hence we have 
7i"p(0;7(n))" C 3\f C M<^(i. Thanks to [23], Proposition 4.5], we have vr^(Ot/(n))' H 
M = C. In particular, M is a type III factor, which is of type IIIa (0 < A < 1) if 
G Q for all and of type IIIi otherwise [[23, Theorem 4.7]. 

Since the T'^-action 7 preserves y^'^, it extends to M. Thus so does a'^ for any 
w G M". Note K = M''' and the following formulae: 



lie 



0" 
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t — T(e~*''''i*,...,e~'''''"*) • 



Since 7r^(0(7(n))' H M = C, 7 is a minimal action of T" on an injective factor 
M. Applying Lemma [6.341 to ip := ip^, we have 

7(.i,...,.„) ®---®7t, 

where Xj := e^^^^ < 1. Recall a^'^ defined in the previous subsection. Then by 
Theorem 16.351 we obtain 

ar = 7(e--is...,e--n*) ~ ® ■ ■ ■ ® 7et„t = af'''^' ® ■ ■ ■ ® a,^-"" ~ af 

Lemma 14.71 implies that a'^ is invariantly approximately inner. 

We also get the following results by Corollary l6.26l Theorem 16.281 and Theorem 
16.321 putting 

Hfj,,u, := {{-l3iJ,j,Uj) I j = 1, . . . ,n). 
Note that /3 depends on /x as fl6.10p . 

Theorem 6.39. Let E M"* and G M" with Hifij > for all i,j and Uk^'e > 
for all k,i. Let lj G and f] G M". T/ien i/ie /^ows a'^ on 77^(0™)" and a"? on 
7ri>(0ri)" are cocycle conjugate if and only if H^^^ = Hi,^. 

Theorem 6.40. Let he the quasi-free flow on M := 77^(0^)" as before. Then 
the following conditions are equivalent: 

(1) has the Rohlin property; 

(2) M'n (M R) = Z{M); 

(3) T{a^) = M and af ^ Cnt(M); 

(4) {0} X M c H^^^. 

Moreover, M x^o. M «s an injective type III factor of the same type as M. 

When n = 2, H^^ ^^ never fulfills the fourth condition above. Thus any quasi-free 
flow on 77^(02)" does not have the Rohlin property. 

Example 6.41. Put n = 3 and yUi = /i2 = A^s = 1- Then the inverse temperature 
j3 equals log 3. Put coi = 1, 102 = 2 and = \/2. The group G^^u; contains 
(0,1) = (-/3/i2,W2) - and (0,^2) = (-/3/i3,W3) - Wi). Thus 

on 77^(03)" has the Rohlin property. 

So far, we have obtained the classification of by using product type flows. 
Let us prove the invariant approximate innerness of in another way which is 
motivated by Kishimoto's results HP] . In those works, he has shown, in the 
C*-algebra level, that a'^ has the Rohlin property as a flow on 0„ if and only if the 
semigroup generated by Wj, j = 1, . . . , n, is dense in M. In his proof, a sequence 
of endomorphisms 0^ : 0„ — > 0„ plays a crucial role. Those are based on the 
1-cocycle property of the shift automorphism on ^.^MniC), which is proved by 
deeply understanding its gauge invariant C*-subalgebra. 

However, it turns out not so involved to prove that the 1-cocycle property 
in the von Neumann algebra level. For this, we should understand how the 
shift endomorphism a on 5"" = (^j^M„(C) acts on ?sf, and furthermore, the 
ultraproduct von Neumann algebras and (one should not confuse the 
vector uj with a free ultrafilter u). 
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By definition of a, we liave ip'^ o a = ip^ and (7(72(0;)) = 72(cr(a;)) for z G T" 
and X e J". Tlius a extends to Ji := v(J")", and (t(X) C J< C Ji. 

Let us denote by ^'nW the subalgebra of which consists of 7r^((x''),,) G K'^ 
such that llyx*^ — x'^y\\lp^ — )■ as z/ — )■ cxd for all y G Ji. Since there exists a 
faithful normal conditional expectation from Jl onto by averaging 7, we obtain 
y^u) ^ rj^w^ g^j^^ rj^/ p jg ^Qj^ Neumann subalgebra of J^'^. Moreover, tpf^ is a 
trace on J^, and n X'^ C X^. 

Lemma 6.42. The Ji' nJ^'^ is a type Ih factor. 

Proof. Let a; be a non-zero element in 3^' flK'^ with r^(x) = 0. We will show that 
X is not central. We can take a representing sequence {x^)v of x and £ 1^ for 
m G N such that [m, 00) D 2 W^m+i, x"" G (8)^„M„(C)" for z/ G iy„, and 
^/^(x'^) = 0. 

Since tp^ is the tracial state on the type IIi factor there exists a sequence 
of unitaries {u")^ in ?^ such that u" G (8)^^M„(C)" and || [m^, x'^jHa > Wx^h/^. 
Putting u := vr^(('u'^);^), we have m G 3^' fl and mx 7^ xu. □ 

Lemma 6.43. T/ie a is an aperiodic automorphism on Ji' fl IN"'^. 

Proof. Let 0(x) := s*xSj for x G M. Then o a = idjvt- Since 0(N) C 

(j) extends to X'^ (see jlZl Lemma 3.2]). Using 3^ = {siS*}'-^ V o-(3^), we obtain 
a{Ji' n K^) C 3^' n K^. Since a(p{x)b = 0(a(a)a;a(6)) for all x, a,beM, we have 
0(3^' n J<^) cJi'n J<^. Take any x = 7r^((x'^)^) and y = n^{{y'')u) in 3^' n K"^. 
Then in the strong* topology, we have 

<j>{xn<l>{xn = ^2!! ^x'sis^s, -> <P{x''yn, V ^ oj. 

Hence ^{xy) = 0(x)0(?/), that is, is a faithful endomorphism on 3^'n3\f'^. Since 
(j) o a = idjj'nN", is a surjection, and an automorphism. Thus so is a = 

Suppose that for some non-zero element a G 3^' fl 'N'^ and G N, we have 
ax = a^{x)a for all a; G 3^' n . Let us denote by {e^j}ij a system of n x n- 
matrix units in the z/-th matrix algebra M„(C) in J""-. We let x := t^uj{{(^ii)v)- 
Then x G 3^' n and 

\\a\x) -x\\l = hm (V^'^(etr + e^i) - 2^ {elt" e'i,)) 

= 2e-^^'{l-e-^^^)>Q. (6.11) 

Since fl C 3^^;, we have a fast reindexation map $ : {o"^(x)}"g2 — )■ {a}' fl 
3i^ such that $(cr(?/)) = a($(|/)) and r'^($(?/)aa*) = r'^(?/)r'^(aa*) for all y G 
{cr^(x)}^g2. By constructing method of $, it turns out that $(x) G 3^' fl Jsf^. On 
the one hand, we have 

(|$(x) - a'=(<l>(x))| W) = (($(x*) - cr'=(<l>(x*))) ■ ($(x) - (T^($(x)))aa*) 

= (($(x*) - (t'=(<I>(x*))) ■ (a$(x) - a'^($(x))a)a*) 
= 0. 
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On the other hand, 

(|$(a;) - a'^($(x))|'aa*) = - a\x)f)aa*) 

> by fICT]) . 

This is a contradiction. □ 

Thanks to P, Theorem 1.2.5], we can prove the following 1-cohomology almost 
vanishing by Shapiro's lemma (see Lemma [6.2p . 

Lemma 6.44. For any unitary f G !N and e > 0, there exists a unitary "N such 
that \\v — wa{w*)\\2 < e, where \\ ■ II2 = || ■ H^^^. 

This is the von Neumann algebra version of [IHl Theorem 1.1 (1)]. We apply 
this not to the permutation unitary ^jjSjSjS*s* but to Ut := Ylij^^^^^^^j^*] ^ 

Lemma 6.45. The flow is invariantly approximately inner on M. 

Proof. Fix T G M. By the previous lemma, we obtain a sequence of unitaries 
{wk)k in ^ such that \\ut — WkO'{'Wk)*\\2 — as A; — )■ 00. Then we have 

a^(sj) = utSj = lim WkSjwl 

in the strong* topology. Thus for all x G 0„, we have a^{x) = Mmk^ooWkXwl. 
Let a G 0„. Since Wfc G K C M,^;^, Wk{(p^a)wl = ip^Wkawl, which converges to 
(^'^a^(a) = a;y(v9'^a) in the norm topology of M*. Hence limA;_>.oo Ad = in 
Aut(M). Then the statement is clear because Wfc G X C M"". □ 

With this fact, we can proceed to compute the flow of weights of M Xc^j M as 
shown in the previous subsection, and obtain Theorem 16.391 and I6.40[ 

Remark 6.46. The pointwise approximate innerness of a'^ is easily verified. 
Indeed, if M is of type IIIi, then it is trivial because Aut(M) = Int(M). When 
M is of type IIIa with < A < 1, then ip^^ is the periodic state which is invariant 
under a'^. Thus we have mod(a;^) = id for all t G M. 

Remark 6.47. If we apply the 1-cohomology almost vanishing to the permuta- 
tion ■5j'SjS*s*, then by the same argument as that of [40], we can show that 
there exist endomorphisms {p/tjfceN on M with the following conditions: 

(1) There exists a unitary Uk such that Pk{sj) = UkSj for all j; 

(2) ^^07^ = 7^0 pk for all z G T"; 

(3) yp'^op, = <^M; 

(4) \imk^oo[Pk{x) , y] = in the strong* topology for all x,?/ G M. 

On the last condition, {pk{x))k is central in M if and only if x G M^. Indeed, 
since Pfc(M) C M and o Pk = V^'^, we have ||[pfc(a;), > II [2^; 9''^] II for all k. 
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7. A CHARACTERIZATION OF ROHLIN PROPERTY 

The main purpose of this section is to show Theorem 17.81 which states that a 
flow a on a factor M has the Rohhn property if and only if a faithfully acts on 
M 

We begin with the following lemma. 

Lemma 7.1. Let p G Sp(a;|M,^.Q); one? /xi, . . . ,/i„ he finite Borel measures on M. 
Then for any £ > 0, there exists a non-zero partial isometry v G M^^q, such that 



P m 

I ||aj(f) - e*P*f II2 < £:||t;||2 V]/ij( 

,=1 



Proof. Fix a small positive number 77 such that rj < min(e^, 1/400). Let /i : = 
YTj=i f^j ^ •= yu(M)~^yU. Note that z/ is a regular Borel measure with = 1. 
Take i? > so that i/(M \ [-R, R]) < r]/4. 

Since a preserves the tracial state on M^^a, there exists a non-zero element 
X G Muj^a such that 

\\at{x) - e'P^x\\2 < VM2/2 for all t G [-R, R\. 

Then 

\\at{x) - e'P'xh du{t) = / \\at{x) - e'P*x||2 du{t) 

J-R 

+ [ \\atix)-e'P'x\\2du{t) 
Jr\[-r,r] 

< v\\x\\2/2 ■ iy{[-R, R]) + 2\\x\\2 ■ u{R \ [-R, R]) 

< '7||3;||2- 

Since Maj,^ is finite, we can take a unitary w G Mi^,q, with x = w\x\. Put 
yt := e~*^*w*at(x). Then we have 

WVt - kllla = \\yt - \x\\\2 = \\at{x) - e*^*x||2. 
By the Powers-St0rmer inequality, we have 

- |a;|||2 < 2\\yt - ||2||a;||2. 

Thus 

||Q;f(|x|) - |x|||2 (iz/(t) < / 2||?/( - |a;|||2||a;||2 (iz/(t) 

Jr 

<2r]\\x\\l. 

Next we have 



\yt - Mli diy{t) < I 2\\yt-\x\\\idiy{t)+ / 2\\\x\ - at{\x\)\\idiy{t) 
87]\\x\\l. 



< 4||x||2 ■ "^lla^lh + 2 • 2r7||x||2 
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Using Fubini's theorem and [71 Lemma 1.2.5, 1.2.6], we have 



\u 



^iyt)-u^i\yt\)\\ldu{t)] da= [ \\yt-\yt\\\ldu{t)<8r]\\x\ 

J Jr 



and 

( / \\u^i\yt\) - u^{\x\)\\ldi^{t)\ da< \\yt-\x\\\2\\yt + \x\\\2du{t) 

<27^\\x\\l. 

Thus we obtain 



\u^a{yt) - u^a{\x\m diy{t)j da < 2{8r] + 27])\\xU = 20r]\\x\\i 
Now let G{a) = \\u^i\x\)\\l Then J^, G{a) da = \\x\\l We let 



A:= ■>b>0 

Then 



/ G{a) da < r]'^''^ ■ 2Q'q\\x\\l = 20ri^/'^\\x\\l. 

J A 

Since the measure G{a) da is normal, we can take an open set U C M+ such that 
e U, A C U and /^^k* G{a) da < 2Qrfl'^\\x\\l. Take the smallest 6 > such 
that heU" satisfies (0, h) d U. Then 

/ G{a)da< I G{a) da < 2Qt]^I'^\\x\\1 < \\x\\l. 
J{0,b) Ju 

Hence b < oo. Then we have 



lu^biVt) ~ u^{\x\)\\ldu{t) < v^^^\\u^i\x\ 

JR 

and 

\\x - u^,ix)\x\\\l = Ti\x\\l - Ebi\x\''))) < [ r(E,(|xn)ds 

Jo 

G{s) ds <20r]'/^\\x\\l 
< Ml- 

Hence v := u^{x) is a non-zero partial isometry. Trivially, u^{yt) = at{v), and 
we are done. □ 

We consider the standard Hilbert space H ® L^(]R) of the crossed product 
M xIq R. Recall that for x G M, the right action of TTa{x) on this Hilbert space 
is nothing but Jx*J ® 1. Hence 

(C ® f)TTa{x) = Cx^f for all C e iy, / G L\R). 
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Note that the one-parameter unitary group associated with d is 1 e_., that is, 
= (1 ® e_p)^ for aWpeR, ^eH^ L\R). 

Lemma 7.2. Let p G Sp{a\M^^c,) ^'^^ / ^ -^'^'^ '^^?/ ^ > anc? ^i, . . . G 

7ia{f){H L^(]R))7r„(/), i/iere ea;isis a non-zero x G M/ sitc/i t/iat 

n 

lka(a^)Cj - ap(^j)7r„(x)f < £ ||7r„(x)^jf for all j = l,...,n. 

Proo/. Note that for ^ G (g) I^^(M), the functionals M 3 x t-^ {'^a{x)^,0 and 
M 9 X I— !■ ((x ® 1)^,0 normal. Hence for x = tTuj{{x'^)u) ^ we obtain 

hm \K{xna = Iklhllell = lim Wix-' 1)^11- (7.1) 

Let p, e and be given as in the statement above. Take 6 > and R > 
with 85^ + 42(5(1 — < e and — rij\\ < where we have put rjj := 

(1 (g) l[-R,R])^j- By Lemma r7.lt there exists a non-zero partial isometry v G M(^^q 
such that 

From the inequality ||a;t(f) — e*P*f ||2 < 2||f ||2, we obtain 

/ ||a,(^;)-e^^*^;||^||r/,(-t)f rft<25||^;||^5^||r/,f. (7.2) 

J-R ,=1 

Take a representing sequence {v'^)v of f such that each is a non-zero partial 
isometry. To proceed a proof, we need the following claim. 

Claim. For each j = 1, . . . ,n, the following holds: 

n 

lim \\7Ta{v'')Vj - {v^^e^mf < 2l5\\v\\iy"\\mf. (7.3) 

Proof of Claim. Let k > so that 8/?^ < 5. We fix j. Take Ci? • • • ? Cm ^ 
and continuous functions /i, . . . , /m such that supp //; C [—R, R] for all k, and 
•= Z]r=i Cfc ® /fc satisfies ||?7j - ?7°|| < fi;||?7j||- Then 

- (^' ® e.pXf = r \\{a^t{vn - e-'P'vnVj{t)fdt 

J-R 
-R "I 



\\j2Mt){a-tivn-e-'''vnckrdt. 

■R k=i 

Note that {v'^)u is (a, a;)-equicontinuous. Hence the following functions 

m m 



k=l k,i=l 
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converge to 

m 

E h{t)'m\\o^-t{v)~e-^Ml{Ck.Q) = \\a-t{v) ~ e-^^'v\\lH 
k,e=i 

uniformly on [—R,R] as z/ — )■ w. Thus we have 
hm llvrji;-)//; - K®e_p)r/;f = T \\a_t{v)-e-'P'v\\l\\rj';{t)fdt 

+ r 2\\a^,{v) - e-^Ml\\r^M? dt 

J-R 

n 

<m\i\\r^--mf+mv\\iY.\\^^\' 

n 

< i^^'' + mv\\iY.H\\" 

n 

<55||t'||^J]||r/,ir (7.4) 

From (17. ip . fl7.4p and the following inequality: 

h.ivlm - K ® e_,)r^,f < 4||7r.K)(r/, - r^°)f + 4||K ® e_,)(r^, - r/;)f 

+ 4||7r,(i;X-K®*^-pKf' 

we obtain 



lim ||7r,K)r7,- - (t;"^ ® e_p)r7,-f < ^v\\l\\7]J - r/jf + ^5\\v\\l V 



2 



<(8«:2 + 205)||t;||^J]h,ir 



< 21511^11^ J] 



2 



Hence Claim follows. □ 
In the following inequality: 

lkaK)0 - < - ^i)ll + ll"p(^i - 
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we let z/ — )■ a; and then 

lim \\7iaiv'")^j - apiQ-Kaiv")]] < 2\\v\\2Uj - r]j\\ + lim \\iTaiv'')r]j - ap{r]j)naiv'')\\ 

< 26\\v\\2Uj\\ + lim \Wa{v'')T]j - dp(r/,)vr„K)||. 

U—i-Ld 

(7.5) 

On the last term, we have ap{rij)TTa{v'^) = (1 (S) e_p)rij{v'^ (g) 1), where r]j{v'^ ® 1) 
means that {J{v'^)*J (g) l)r]j. Thus 

\\na{v'')r]j - ap{r]j)']Taiv'')\\ < \\iTa{v'')r]j - {v" ® e^p)T]j\\ + || [t;*" (g) 1, r^^-] ||. 
Since {v'^)u is cu-central, we have 

n 

lim iMv^m - &p{vjMvnf < ^iHvWl E 11^^-11' by m 

i=i 

n 

<2\b{\-br'M\Y^\%f. (7.6) 

By ([73]) and dH]), we get 

n 

hm ||7r.(.;'')e, - «p(e,)^.K)f < (8^^ + 425(1 - ^V)M\Y,\%f 



i=i 

l|2 



limeN ||7T"Q(f^)^i| 



Since [f ^, /] — )■ as i/ — )■ w in the strong* topology and = 'n'a{f)^jT^a{f), we 
have 

n 

Note that fvf = /f 7^ in M'^. Hence a; := fv'^f does the job for a sufficiently 
large i/. □ 

Lemma 7.3. Let 'N be a von Neumann algebra and L^([N) its standard Hilbert 
space. Then for x,y E'N and C,,ri E L^(?^), one has 



\\u^{x)^ - riu^{y)f da 

< 4(||xe - vy\\ + \\x*v - + \\x*v\\ + Uy*\\ + \\vy\\)- 

Proof. Let 

H (' . K :^ (° ^) . C - ^« " 
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HC-CK = 
Claim. 

|2 







Then we have 
and 

x*r] - ^y' 
— rjy 



u^aiHX - Cu^a{K)r da < A\\HC - CK\\{\\HC\\ + \\CK\\). 
Proof of Claim. Applying the proof of [60| Proposition IX. 1.22] to 

\Q Kj ' ^ ■ [O 
we obtain 

\\MH')X']rda<A\\[H'Xmm\' + \\CHTf'. 

This proves the claim. □ 
By the claim above, we have 



oo 



\U 



^{x)^ - riu^{y)\\ +\\u^{xyri - ^u^iyYW da 



oo 



\\u^iH)C-Cu^iK)fda 
<M\HC-CK\\{\\HC\\ + \\CK\\) 

< 4(||xe - vy\\ + \\x*v - ^yl){\H\\ + h*v\\ + Uvl + WvvW)- 



□ 



Lemma 7.4. Let p G Sp{a\M.^^^) and f G M^. For any e > and . . . £ 

7ra{f){H ^ L'^{Wj)TTa{f) With = JC,j , there exists a non-zero partial isometry 
V G M such that v = fvf and 

n 

haiv)^j - ap{QiTc,iv)f < e^\\naiv)^jf for all j = l,...,n. 

Proof Let (5 > with 325^/2 ^ iq^ < ^_ gy Lemma Ol we have a non-zero 
X G M/ such that 

n 

\\^a{x)^j - ^ lka(a;)^j|P for all j = l,...,n. 



Employing the previous lemma, we obtain 

POO 

/ Uaiu^{x))^j - ap{^j)Tra{u^{x))f da 
Jo 

< 4(||7r„(x)^j- - ap{Qnaix)\\ + ||7r„(a;*)dp(^j) - ^j7r„(x*)||) 

• (lka(a;)^j|| + \\-K^{x*)ap{Q\\ + ||^jvr„(x*)|| + ||«p(^j)7r^(a;)||) 

< 8\\naix)^j - ap{^j)naix)\\ ■ 2(||7r^(x)^j|| + \\ap{QTTaix)\\) 

< lQ\\na{x)^j - ap{Qnaix)\\ 

■ (2||vrc,(x)^j|| + \\TTaix)^j - ap{Q)iT^{x)\\) 

n n 

< 326'/' IMx)^' + 165^^ ||7r,(x)e,ir 

POO 

< e\\'n:a{x)^j\\'' = e / \\'n:a{u^{x))^jf da. 

Jo 

Thus for some a > 0, v := u^{x) does the job. □ 
We can show the following lemma in the same way as in p^, Lemma III. 3]. 

Lemma 7.5. Let p G Sp(a|]vt^^,a) and f G M^. For any e > and ^i, . . . G 

7rQ,(/)(if ® L^(R))7rQ,(/) with J^j = ^j, there exist a non-zero projection E G M/ 
and a non-zero a; G M/ such that 

(1) ||x|| < 1, X = ExE; 

(2) E;=i l|vr.(x)Of >rk-oT.U lk"(^)e.f / 

(3) <^'E;=ilk«(i?)e,f, l<fc<n; 

(4) ||7r„(x)a-ap(6)vra(a;)f <£2^;^j|7,^(a;)^.||2^ 1 < < n. 

Let be the natural cone of K := M Xq M in the standard Hilbert space 
® L2(M). 

Lemma 7.6. Letp G Sp(a|M„,„) and he a cyclic and separating unit vector for 
M M. Then for any e > and ^i, . . . , ^„ G IP^lg-, t/iere exists a non-zero x G M 
snc/i that 

• < 1; 

• l|7ra(a;)^of > 1/102400; 

• - ap{ik)T^o.{x)\\ <eYTj=i for all k = 1, . . . ,n. 

Proof. We prove this lemma in a similar way to that of [H Lemma III. 4]. Put 
d = 12800-^ Let J" be the set of all (n + 2)-tuples {x, . . . , /3n) in M x 

X {H^ L2(M))" such that 

(1) ||a;|| < 1, X = ExE; 

(2) 7r„(E)/3, = (3„ ri, := - (3, - J/3, G and K(^), r/,] = 0, 1 < j < n; 

(3) m'<e'EU\\^a'; 

(4) E;=i Ik.(x)r7,|p > d/2E;=i l|vr.(i?)r/,f ; 

(5) ||vra(x)?7fc - dp(?7fc)7rQ(x)p < £:^Xl"=i IkaWOlP' 1 < k < n. 
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We will equip ^ with a partial order as (x, E, f3i, . . . , /3„) < {x', E', f3[, . . . , /3'^) 

if 

• E<E'; 

• X = x'E; 

. 7io^{E)f3'^= f3j, l<j<n; 

• - PkV < e'j:%,\ME' - E)^', l<k<n. 

Take a maximal element {x, E, Pi, . . . , Pn)- It suffices to show that E = 1. 
Indeed, suppose that we have proved E = 1. Let e > and ■ ■ ■ ^ '^j^ with 
ll^jll = 1. Put (j = ^0 for j = 1, . . . , v? and Cn^+fc = ^fc for A; = 1, . . . , n. Then for 
e and we have non-zero x e Mi such that 

J2 hMQf > d/i llOir = {n' + n)d/4, 



lk„(a;)Cfc - «p(Cfe)7ra(2;)P < ^ ||7r«(a;)Cj f • 

Readers are referred to the proof of [45l Lemma B.l] for a detail. Then we have 
lk„(x)^of > ((^^ + «)rf/4 - n) jn^ = d/A - (1 - d/A)/n. 

If we take a sufficiently large n, then we have ||vra(x).^o|P > c^/S. 

Suppose on the contrary that / := 1 — is not equal to 0. Then Tia{f)Pj = = 
{J(3j)7!'a{f). Hence T^ai.DVj'^ai.f) = '^a{f)(,j'^a{f)- Take a non-zero projection 
F e M/ and a non-zero y G Mj? which satisfy the conditions in the previous 
lemma for 7r„(/)^i7r„(/), . . . , 7r„(/)^„7rc,(/). 

We set 

x':=x + y, E':=E + F, /^j := /3, + 7r„(F)r7,7r,(/ - F). 

We will check that (z', E', f3[, . . . , f3'^) belongs to ^ . The condition (1) is trivial. 
On the condition (2), we put rj'j := — /3j — Jf3j. Then 

V'j = Vj - T^a{.F)rij'n^{f - F) - n^if - F)rijTi^{F) 

= 7r^{E)r],7r^{E) + n^{F)r]j7r^{F) + n^{f - F)r]j7rM - F) 
= 7Ca{F)r]j'K^{F) + 7r,(l - F)r/,-7r,(l - F) G 



and K(F'),r/;] =0. 



90 



Next, the condition (3) is verified as follows: 



n 

< ||7r«(£;)e,||' + ha{F)K{f)r]Mf).^a{FM 



n 



We will verify the condition (4). Since x = xE and [7ia{E),rij] = 0, we have 

Tlaix')r]j = T^a{x + ]j) {n a{F)ri jTl ^{F) + 7r„(l - F)?7j7ra(l - F)) 
= 7ra(,T)r7j7r„(l - F) + 'Ka{y)r]j'Ka{F) 

= ^a{x)Vj + ^a{y)Vj^a{F), (7.7) 



and 



0(p{r]j)na{x') = TTail " F)ap{r]j)'Ka{x) + 'Ka{F)ap{r]j)'Ka{y) 

= ap{rij)'Ka{x) + 'Ka{F)ap{r]j)'Ka{y). (7.8) 



Since 



MvH^^aifW = ha{y)VjT^a{F)f + ha{y)VjT^a{f " i^) f 

= \My)VjT^a{F)\\'^ + ||7ra(|/)K(/)r;j7rc,(/),7ra(F)||2 

n 

< ||7r„(2/)r;,7r«(F)||2 + £2 J^||7^„(F)7^„(/)ry,7^«(/)||^ 



we have 



K{y)vMF)r > ||7r«(y)ry,7r,(/)ir-£'5^||7r,(F)7r«(/)r7,-7r,(/)||^ 
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Then it follows that 

\\^aix')r]jf = \\na{x)rijf + \\TTa{y)r]jna{F)f 

n 



n 



-e'J2h4F)nM)Vjrra{f)\\'' 



> d/2 J2 \KiE)r^jf + id- e') ^ ||7r,(F)7r,(/)r^,7r,(/) f 

i=i i=i 

n 

> d/2 J2 \K{E)7r^{l - F)r],7r^{l - F)f 

n 

+ d/2Y,\K{F)vj7iaiF)f 

n 

= d/2 \K{E)n^{l - F)r]j7r^{l - F) + 7c^{F)r],7c^{F)f 

n 

= d/2 \K{E + F)(7r,(l - F)r],n^{l - F) + 7r,(F)r7,7r,(F)) |p 



n. 



i=i 

which shows (4). 

Using 7To,{F)Pj = = {jPj)'K^{F) in ([72D and (USD, we can verify (5) as 
follows: 

\Mx')r]'^-ap{r]'i^)7T^{x')f 

= \\apir]k)7ra{x) - api'nk)T^aix)f 

+ lka(y)%vra(i^) - vrc,(F)dp(?7fc)7r^(y)f 
< ||ap(?7fc)vra(x) - ap(%)7rc,(x) f 



|2 



= e2 5^||7r.(a:')e,f- 

i=i 

Therefore, {x' , E' , (3[, . . . , (3'^) belongs to and is strictly larger than 

{x, E, I3i, . . . , Pn)- This is a contradiction. Hence E = 1. □ 
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Thus we have proved there exists a sequence in Mi which does not 

converge to in the strong* topology, and 

hm ||7r„(x„)^ - ap(Ovr„(x„)|| =0 for all ^ G (g) ^^(M). 

n— >oo 

Note that is a central sequence in M. Indeed, let ^ G ® L^(]R) and set 

(p{a) := (vrQ,(a)^,^) for a G M. Then for y G Mi, 

= {T^a{,y) (7ra(a;„)^ - ap{i)'nc{,Xn)) ,0 

+ (7ra(y)«p(071"a(a;„),0 - {T^c{.Xny)i,C) 

+ {TTa{y)ap{0,^'^a{x*J) - {TTa{Xny)^,0 
= {T^aiy) (TCaiXn)^ - Op (O^Ta (a^n) ) , 

+ My)ap{0, {^7Ca{x*J - 7r««)dp(0)) 

+ {Tra{y)ap{0,TTa{x*Jap{^)) - (vT^ ^) 
= (TTad/) (-rCaiXn)^ - (O^Tq (a^n) ) , 

+ {TrM&piO, {^Tra{x*J - vr„(x;)dp(0)) 

holds, since 

{naiy)ap{^),TCaixl)ap{^)) = (7rc,(a;„y)dp(0, "^(0) = (ap(7i"a(a;nl/)0> 

= {7Ta{Xny)^,0- 

Thus 

||[a;n,V5]||M. < haiXn)^ - ap{^)TTa{Xn)\\ + UrCaixl) - TCaixl)ap{^)\\, 

and the right hand side converges to as n — )■ oo. 

Theorem 7.7. Suppose that p G Sp(a|M;^Q)- ^/ien there exists a unitary central 
sequence (u„)„ in M S'uc/i that dip = lim„_s.oo Ad7rQ,(M„). 

Proof. Set Q := M2(C) ® M. Let be the set of all {Xn)n in £°°(Q) such that 
[(id ® 7r«)(X„), ifi © ap(</3)] as i/ -> u; for all V9 G X*. Then ?^ := A<^/^(Q) 
is a von Neumann algebra. By the remark above, C M2(C) (g) M(^ naturally. 

We will show that e := en ® 1 is equivalent to / := 622 ® 1 in CP^. Let 2; be a 
central element of 7^. Clearly, z = eii®a + e22®& for some a, 6 G M^. Take {xn)n 
as above. Then (x„)„ defines a non-zero element x of Moj and 621 ® a; G eCPoj/. 
Then [2, 621 (g) a;] = implies xa = bx. Since x is central, we may assume that 
xa = ax, and moreover ||(a — 6)s||2 = ||a — &||2||a:||2 by the fast reindexation trick. 
Thus we have a = b. Hence 2'(CPtj) C C ® Z^Mi^). This implies that e ~ /. □ 

By Lemma [4.101 we obtain the following result. 

Theorem 7.8. Let a be a flow on a factor M. Then p G Sp(a|]vt„^) if and 
only if there exists a unitary v G lvluj,a such that at{v) = e^^^v for all t G M. In 
particular, the following statements are equivalent: 

(1) a is faithful on M^j^a/ 
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(2) Sp(a|M.,J = r(a|M_)=M; 

(3) a is a Rohlin flow on M. 

This result immediately implies the following. 

Corollary 7.9. Let a he a faithful flow on a finite factor. Then the product type 
flow ctt has the Rohlin property. 

8. Concluding remarks and Problems 

In this paper, we have studied Rohlin flows on von Neumann algebras. We 
can generalize the Rohlin property for actions of a locally compact abelian group 
by using the dual group. Hence it is natural attempt to extend our work more 
general. In studying this, one needs to think of the map that is introduced in 
Lemma 15.21 

Problem 8.1. Classify actions with the Rohlin property of a locally compact 
abelian group on von Neumann algebras. 

Our main theorem is applicable to non-McDuff factors. When its central se- 
quence algebra is non-trivial and commutative, there is a chance that they have 
a Rohlin flow. 

Problem 8.2. Characterize a factor admitting a Rohlin flow. 

We should notice that the classiflcation of "outer actions" of M on injective 
factors has not yet been completely flnished. Indeed, we do not know a charac- 
terization of the Rohlin property without using a central sequence algebra. In 
the light of classiflcation results for amenable discrete or compact group actions 
obtained so far, we will pose the following plausible conjecture. 

Conjecture 8.3. Let a be a flow on an injective factor M. Then the following 
conditions are equivalent: 

(1) a has the Rohlin property; 

(2) 7r5(M)' n (M X5 M) = 7rs{Z{M.)). 

We have seen the implication (1)^(2) holds for a general von Neumann algebra 
in Corollary 14.131 

Example 8.4. Let a be a flow on an injective type IIIq factor M such that 
a is ergodically and faithfully acting on the space of the flow of weights. Let 
[N" = M xIq, M. Then !N = M M canonically. Since the action a on Z{M.) is 
faithful, we have 7is{Z{M)y n J< = 7rs{M) by Corollary VI.1.3]. Hence a 
satisfles (2) in Conjecture 18.31 The dual flow of an extended modular flow has 
such property (see Theorem I4.20p . 

Thus it must be interesting to consider the weak version of Conjecture 18.31 

Problem 8.5. Suppose that a is a flow on an injective type IIIq factor such that 
mod(a) is faithful and ergodic. Then does a have the Rohlin property? 
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Readers are referred to [23] for a faithful action of a compact group on a flow 
space. The following problem is related with Lemma 13.171 

Problem 8.6. Assume that M is an injective factor and a is a pointwise centrally 
non-trivial flow. Then r(a|]vt„,a) = ^(a) ? 

Since we always have r(a|]v[;^^) C T{a) by Lemma [3.171 what we must do is 
to study the case when T{a) ^ {0}. If this problem is affirmatively solved, the 
following condition, which looks much weaker than (2) in the above conjecture, 
could imply the Rohlin property of a by Theorem 17.81 
(3) a is pointwise centrally non-trivial and T{a) = R. 

Indeed in Theorem 16.321 and I6.40[ we have shown that the three conditions 
mentioned above are equivalent for product type flows and quasi-free flows in- 
duced from Cuntz algebras. We should note that if a is an action of a compact 
abelian group, then the above condition (3) indeed implies the Rohlin property. 

Problem 8.7. Let a be a flow on the injective type IIi factor JIq. Suppose that 
a idj^o has the Rohlin property. Then does a also have ? 

This problem is a direct consequence of the above conjecture. Proposition 16.381 
shows that the assumption on the type is necessary. 

In Theorem 16. 18[ we have proved that a trace scaling flow on the injective type 
IIqo factor has the Rohlin property by using Connes-Haagerup theory. Another 
proof of that theorem will yield the uniqueness of the injective type IIIi factor. 
Hence we have interest in the following problem. 

Problem 8.8. Prove Theorem \6. 1S\ without using the fact that af G Int(M) for 
an injective type IIIi factor. 

9. Appendix 

9.1. Basic measure theoretic results. We recall the following elementary re- 
sult of measure theory. 

Lemma 9.1. Let X be a Polish space and /: R" X be a Borel map. Let 
E <Z W be a Borel set with < /i(-E) < oo, where fi denotes the Lebesgue 
measure on R"'. Then the following statements hold: 

(1) For any e > 0, there exists a compact set K G E such that n{E \ K) < e 
and f is continuous on K ; 

(2) Let d be a complete metric on the Polish space X. For any £1,62 > 0, 
there exist disjoint Borel sets Aq, Ai, . . . , C E and Xi, . . . , x^r G X 
such that Yl^=o-^3 = /^(^o) < ^i, d{f(t),Xj) < ^2 for all t G Aj, 
j = l,...,N. 

Proof. (1). This is shown by using Lusin's theorem. See [361 Theorem 17.12] 

(2). Let K be as above with e = ei. Since fix is uniformly continuous, for 
any £2 > 0, there exists a Borel partition {Aj}jLi of K such that any s,t G Aj 
satisfy d{f{s), fit)) < 62- Put Aq := E \ K, and take an element xj G f{Aj) for 
each j. Then these xj have the required property. □ 
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Employing the previous lemma, we have the following result. 

Lemma 9.2. Let Jyl be a separable finite von Neumann algebra with a faithful 
normal tracial state r. Let us write \\x\\2 '■= r(x*x)^/^ as usual. Let w: [0, 1] — ^ 
be a Borel map. Then for any £1,62 > 0, there exist disjoint Borel sets 
Ao, Ai, . . . , Ajsi of [0, 1] and ui, . . . ,un & such that ^{Aq) < e\, \wt — Uj\2 < 
£2 for all t e Aj, j = 1, . . . , iV. 

9.2. Disintegration of automorphisms. Let (X, ^) be a standard Borel space 
and fi a a- finite Borel measure. Recall the following basic result. 

Lemma 9.3. Let f : X ^ W be a ^-measurable function. Then there exists a 
Borel fi-null set N G X such that the restriction f : X \ N is Borel. 

Proof. Take a sequence {g^jn whose union equals Q. Then An := {x \ f{x) > g„} 
is /X- measurable. Since An is /x-measurable, we can take Borel sets Bn, B'^ C X 
such that BnC AnC B'n and \ Bn) = 0. We put Nn := B'n \ Bn- Then we 
have An\Nn = Bn that is Borel. We let N := Nn- Then 

{xeX\x^N, fix) > qn} = A„ n iv^ n fl N',, 

and this set is Borel. Since Q is dense in M, / : X \ X — )■ M is Borel. □ 

Let {-ffxjxex and {M^jj^gx be measurable fields of separable Hilbert spaces 
and separable von Neumann algebras, respectively, such that M^; C B^H^). Let 
{«x}xex be a measurable field of automorphisms with G Aut(M2:). We set 

/•e r® 

M := / 3V[xd^{x), H := Hxdfi{x), a := axdfi{x). 
Jx Jx Jx 

Theorem 9.4. Let a and be as above. Then a G Int(M) if and only if 
ax G Int(Ma;) for almost every x G X ; 

Proof. We may and do assume that Hx = Hq with Hq = i'^ for all x G X, 
and n{X) < 00. Let vN(ifo) be the set of von Neumann algebras on Hq. We 
equip vN(ifo) with the Effros Borel structure as usual [12]. Then we have a /i- 
measurable map X 3 x ^ G vN(ifo)- Using the previous lemma and choice 
functions of vN^Hq), we may and do assume that the maps x 1— )■ M^, x h-t- M^. 
and x ^ Ox are Borel. 

Suppose that a G Int(M). Then there exists a sequence of unitaries {v'^}u in 
M such that a = lim,^ Ad v'^ in the u-topology. Then we obtain 

\\a{(f) - v''!fv''*\\ = / Waxifx) - VxfxVx*\\{M^), d^{x) for all ip G M=^. 
J X 

Thus there exists a subsequence {v^^}k such that for all ip G M,,,, we have 
llax(v'x) — 'Vx'''^xVx''*\\ as A; —7- 00 for almost all x. Hence ax G Int(Ma;) 
for almost all x since {(px \ p) G M*} is dense in (Ma;)* for almost every x. 

Suppose conversely that ax G Int(M2^) for almost every x. For an integrable 
Borel map X 3 x ^ p>x ^ B{Hq)^, we set 

F^: X X B{Ho)^ 3 {x,v) ^-^ \\ax{iPx\Mj - VipxV*\Mj\{M^), G M, 
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where B{Hq)^ denotes the unitary group that is Pohsh with respect to the strong* 
topology. The function is BoreL Indeed, let {ax}x be a Borel operator field 
such that ttx G Mx- Then 

{oix{iPx\Mj - VipxV*){ax) = ip{a~'^{ax)) - V(pxV*{ax). (9.1) 

It is trivial that x (-> ipx{a~^{ax)) is Borel. Since the maps B{Ho)^ x B{Hq)^ 3 
{v,(p) (— 7- vipv* G B{Ho)^ and the coupling B{Hq)^, x B{Hq) — )■ C are both 
continuous, the second term in (19.11) is Borel. Hence is Borel. 

Let IP : vN(ifo) B{Hq)i be a Borel choice function such that is 
strongly dense in Ki for all Ji G vN(iJo)- We let U,. := ViM.'^) that is a Borel 
function from X into B{Hq)i. Let {y?'^}^^ be a norm dense set in L\f^^^~^^{X^ ji). 
We set the function 

Gn-Xx B{Hof 3 (x, t;) ^ sup || [t;, G R. 

i<i,i'<" 

Then G„ is Borel since the left multiplication B{Ho) x B{Hq)^ B{Hq)^ is 
continuous. For m,n G N, we set the following Borel subset: 



Note that 



LP" 

k=l n=l 



■"m 



[x,v) eX X B{Ho) 



sup ||a^(<^^|Mj - WxV*\MJiM.), < 1/m, V e Mx 

l<k<m 



Let pr^ : X x B{Hq)^ — )■ X be the projection. By approximate innerness of 
ax, it turns out that pr^^ ■ X is surjective. Thanks to the measurable 

cross section theorem (see [3., Theorem 3.2.4] or [5^ Theorem A. 16]), we have a 
/^-measurable map / : X — )■ such that pr^ of = idx- 

Let pr2: X x B{Hq)^ — )■ B{Hq)^ be the projection. Since prg is Borel, 
pr2 of : X B{Hq)^ is /i-measurable. We set Vx ■= pT^2{f{^)) ^ and 



V .= Vx djj,{x) G M. 
Jx 

Then for all /c = 1, . . . , m, 

II"(V?'') - ^<^V||m. = / IM^xUJ - Vx^xKUJiu,). dfi{x) < fi{X)/m. 

Jx 

This means that a G Int(M). □ 



In the proof above, we have implicitly proved the following result which has 
been proved by Lance [33] Theorem 3.4]. 

Theorem 9.5. Let a = dfi{x) be an automorphism on M as before. Then 

a G Int(M) if and only if ax G Int(M2:) for almost every x. 

Next we study centrally trivial automorphisms. 
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Lemma 9.6. Let us fix a faithful normal state ijj on M. An automorphism a 

on M is centrally trivial if and only if for any e > 0, there exist S > and a 
finite set F C such that if a & Mi satisfies \\[a,ip]\\ < S for all ip & F, then 
\\a(a) — a\\lp < e. 

Lemma 9.7. The subgroup Cnt(M) is Borel in Aut(M). 

Proof. Note that if « G Cnt(M) and {a'^)u is central, then — o-'^W^ — > as 

v ^ oo. Let {Fm}m be an increasing sequence of finite subsets in such that 
their union is norm dense in M*. Let {aj}j be a strongly dense sequence in Mi. 
For m e N, we let := {j G N | ||[aj, </?]|| < 1/m, </? e F^}. 

Then the previous lemma implies that a e Aut(M) is centrally trivial if and 
only if 

inf sup ||a(a,) — aJI?,, = 0. 

Since ||Q;(aj) — aj||^ is continuous with respect to a e Aut(M), the function 
a I—)- infm supjgj^ ~ is Borel. In particular, Cnt(M) is a Borel subset 

in Aut(M). " □ 

Lemma 9.8. // a sequence a" := aJJ dij.{t) is central in M, then a subsequence 

{a,^"')m is central in Mx- for almost every x E X . 

Proof. Let {(p''}keN be a dense sequence of M*. Then (a"^),^ is central if and only 
if 

IIK,<^1ll=/ \\K,Vx]\\Mx) ^0 asi/^oo 
Jx 

for all k. This means ||[a^,<^^]|| — >• in L^(X, //). Hence we are done. □ 

Theorem 9.9. Let a = dfj,{x) be an automorphism on M as before. Then 

a e Cnt(M) if and only if G Cnt(Ma;) for almost every x & X. 

Proof. We may and do assume that all relevant maps such as a; i— )■ M^ and x i— )> 
are Borel as before. By replacing /j, if necessary, /j, is assumed to be finite. Let 
(fo e B{Hq)^ be a faithful state and ip (po^ [i. 

Suppose that e Cnt(M-r) for almost every x & X. If a were not centrally 
trivial, there exist £o > and a central sequence {a^)i, in M such that inf,^ ||Q;(a'^) — 
> £o- This imphes for all 

[ \M<)-aXldf,{t)>el. 
Jx 

By the previous lemma, a subsequence {a^"")„i is central for almost every x E X. 
Hence ||Q;a,(a^'") — a^^Hj,;, — )■ as m — )■ cxd. Then by the dominated convergence 
theorem, the left hand side above converges to 0, and this is a contradiction. 

Suppose conversely a G Cnt(M). We let : X — )■ B{Hq)i be a choice function 
such that {a,i.}j is strongly dense in (Mx)i. By discarding yU-null sets, we may 
take a norm dense sequence {(p''}k in Lb{Ho)*{^i lA ^^^b that {<^^|mx}a; is norm 
dense in (Ma,)* for all x e X. We set 

Aj^rn ■.= {xEX \ ||[4,<^f;]||(M,). < A; = l,...,m}, 
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which is a Borel subset of X since the map B{Hq)^ x vN(ifo) ^ M) i->- ||</7| 
is Borel. Then 



3VC| 



{x&X\a^ & Cnt(M^)} = Ix^X 



inf^suplA,.^(x)||a,,«) - a^||«,^ = [> . 



Since x i-> ||Q;3;(a^) — o^H^g is Borel, the set {x & X \ & Cnt(Ma;)} is Borel. 

Suppose that N := {x & X \ ^ Cnt(M2:)} satisfied /i(iV) > 0. Since the 
positive function g: N 3 x ^ inf^ sup^- 1^^. ^(x) [[^^.(a^) — a;j.||<^o is Borel, there 
exists £i > such that Ni := {x & N \ g[x) > Si} satisfies n{Ni) > 0. Thus for 
all m e N, we obtain e N such that 

3m 

Let Bj^^ := {x e Aj^^ \ \\a^{al) - a^||[,^ > Si} and X^ := Bi^^ U • • • U -Bj^,m- 
We set c!? as follows: 



4 iixeBj,mnBi^n---nB]_,^^, 
if X e X \ 



Then || [c™, <^^] ||(Ma;). ^ V"^^ aU a; G X and k = l,...,m, and ||q;2.(c™) 
c™||^g > El for all X e X^. Put c™ := dii{x). Then we obtain 

||[c^¥^1lk=/ ||[C(^^]||(K.),rf//(x)<MX)/m foralU = l,...,m, 



and 



J Xm 

Then (c")„ is central, but liminf^ ||a(c"') - c'^Hj,^ > eln{Ni)/2. This is a 
contradiction. □ 

Let M be a von Neumann algebra and ip a faithful normal state on M. Then 
we obtain the central decompositions of M and (/? as follows: 



M 



re r® 

/ Ma,(i/x(x), (p= I (fixdnix), 
Jx Jx 



where Z{M) is identified with L°°{X,fi). 

We may and do assume that all are von Neumann subalgebra acting on a 
common Hilbert space Hq as before. Thus M acts on H :— LF'{X, fj,) Hq. 

Let := x^^x M and := Hq (g) L'^{R). We will show that {N^, X^}^ 
is a measurable field of von Neumann algebras with respect to djji{x) — 

L\X)®Hq®L\R). 

Let a-' : X — )■ B{Hq)i be a ^Li-mcasurable choice function such that {oili^i is 
strongly dense in (M^;)! for almost every x. Then x h- )■ Ticrv^ (a^) is //-measurable. 
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Indeed, let ^,ri E K^dfi^x). Then 



Since {x,t) i— )■ {o''^t{(^i)^x(t),rix{t)) is /x- measurable, x i— {TTcT^x^ai.)^^,!]^) is /i- 
measurable by Fubini's theorem. 

Note that {TTo-va: (a;^)}j is strongly dense in n^^x (M.x)i. Each K^, contains the 
left regular representation A'^''(t) = 1 ® X{t). Thus {[Nj;,/^^} is a /x-measurable 
field. Let !N" be the disintegration of 'Nx, that is, 

/•e 

N:= / X^ci/i(x), 
which acts on the Hilbert space L^(X, /i) ^ Hq ^ L^(R). Using 

af= r ard^iit), (9.2) 



we obtain 

/■© 



X 

It is trivial that j® X'f"' {t) dn{x) = A'^(t). Thus X is nothing but M x^^ M. 
Summarizing this discussion, we obtain the following result. 

Lemma 9.10. In the above setting, one has the following natural identification: 

Mx^^M= / M^. x^^. Mrf/i(x). 
Jx 

Let a G Aut(M) which fixes any element of Z(M). Then a is described as 

a = ax dfi{x). 
Jx 

By the previous lemma, we have 

r® 

a = a^dfi{x), mod(a) = / mod{ax) dfi{x). 
Jx Jx 

Combining Theorem 19. 4[ 19. 5[ 19.91 and Kawahigashi-Sutherland-Takesaki's re- 
sult [311 Theorem 1], we obtain the following. 

Theorem 9.11. Let M be an injective von Neumann algebra with separable pre- 
dual. Then the following statements hold: 

(1) M(M) = ker(mod); 

(2) Cnt(M) = {a e Aut(M) | 5 G Int(M)}. 

We need the following lemma. 

Lemma 9.12. Let Jvl be a von Neumann algebra and 9 G Aut(M). Then 9 G 
Int(M) if and only if for any e > and a finite $ C 'M,^ , there exists a G Mi 
such that 

\\9{ip) — aipa*\\ < £, \\a*a — 1||^ + \\aa* — 1||^ < e. 
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Proof. By assumption, we obtain a sequence (a„)„ in Mi such that for all positive 
9{(p) = lim an^a*^, lim ||a*a„ - 1|L + ||a„a* - 1|L = 0. 

n— ^-oo n— ^-oo 

This also implies that lim„a*99an = 9^^{ip). 

It turns out that (a„)„ belongs to ^(M). Indeed, let e ^(M) with 

sup„ \\xn\\ < 1. Then we have 

< \\(p ■ (1 - a*a„)|| + ||x„(a„(/7a* - 9{(p))an\\ + \\xnO{ip)an\\ 

< ||1 - <a„||^ + ||a„(/?a; - 9{ip)\\ + \\xnO{(p)\\, 

and 

llv^Ona^nll < 11(1 - o,na*n)V(^nXn\\ + 1 1 a„a*v?a„a;„ || 

< ||1 - ttnttlW^ + ||a„(a*v9a„ - 6'-l(93))a;„|| + \\an9'\(p)xn\\ 

< ||1 - flnO* ll^p + Wa^ipan - 6-l{ip)\\ + \\anO'^{p)xn\\. 

Thus ||a;„a„(^|| — )■ and llv^anX^H ^ as n ^ oo. Hence (a„)„ normalizes J^(M). 

We let u := 7rt^((an)n) £ that is a unitary. Take a unitary representing 
sequence {un)n of u. This satisfies ii„ — a„ — >■ in the strong* topology as n — )■ w, 
and we are done. □ 

Let M be a von Neumann algebra and A a von Neumann subalgebra of Z{M). 

Let (X, fi) be the measure theoretic spectrum of A. Let "K be the standard Hilbert 
space of M. Then we have the following disintegrations putting A = L°° {X, fi) 
as usual: 

M= M^di^{x), 'K= I 'K^dn{x). 
Jx Jx 
We may assume that dimCK^. is constant in what follows. Let X be a Hilbert 
space with dimJC = dim JC^. for all x. Then {3ia;}-j; is regarded as a constant field 
{%}x, and we obtain the natural identification 



/■e 

:K= / %dii(x) ^ L'^(X,ii)®X. 
Jx 



Note that any automorphism 6 on Ma; is implemented by a unitary on %. 

Now let a and /3 be actions of a locally compact group G on M which are fixing 
A. Then they are written as follows: 

at= a^diJ,{x), /3t = (3^ djji{x) for aU t e G. 
Jx Jx 

Theorem 9.13. Let a, j3 he as above. Then the following statements hold: 

(1) They are cocycle conjugate if and only if and j3^ are for almost every 

X e X; 

(2) They are strongly cocycle conjugate if and only if and (3^ are for almost 
every x & X. 
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Proof. (1). It is useful to consider those actions in terms of a Kac algebra [13]. 
Namely, a, /3 are regarded as the faithful normal *-homomorphisms a, /3 : M — 
M®L~(G') by putting (a(a)OW = «t(a)^W, = for all 

^ e ® and t e G. Then we obtain 

(a (g) id) o a = (id (g) 5) o a, (/3 (g) id) o /3 = (id ®5)o(3, 

where the coproduct 5: L°°(G') ^ L°°(G') O L°^(G') is defined by 5{f){r,s) : = 
f{rs) for / e L~(G) and r,seG. 

Take unitary representations U,V: G — ?► i?(J{) such that at = AdUt and 
A = AdV^ on M. Regarding U,V e 5(J{) ® L°°(G), we have 

(id ® 5)(f/) = f/i2f/l3, (id ® 5)(y) = 1^12^13, 

and 

a{a) = U{a ® 1)U* , /3(a) = \/(a ® 1)\/* for all a G M. 
Since A is fixed by a and /3, f/ and V are diagonalizable, that is, 

[/= / f/^rf/i(x), y = / V^^(i/i(x), 

where f/^, G B{%) ® L°°{G) and we have used the following identification: 

:K®L\G)= X®L\G)dfi{x). 
Jx 

Then f/^ and implement and respectively, for almost every x. Note 
that a unitary f G B{%) (g) L'^{G) is an a^'-cocycle if and only if f G M^^ (g) 
L°°{G) and vt/"^ is a unitary representation, that is, it satisfies (id (g) 5)(t>f/^') = 
(?;[/^)i2(^;f/")i3. 

By Lemma [9.31 we may and do assume that all the relevant measurable maps 
in what follows are in fact Borel. Take Borel maps : X ^ (M^)i and : X 
(M;)i for G N. 

Let {^jjieN be a dense sequence of i^' ® L'^iG). Let be the subset of X x 
{B{%) ® L°°{G))^ X B{'X)^ which consists of elements {x,v,w) such that for 
ij,k = l,...,m, 

\\[v,b^,®lM < 1/m, (id®5)(t;t/") = (t;f/")i2(^^f/")i3, 
\\[waiw*,b''J^i\\ + \\[w*aiw,b''2^i\\ < 1/m, 

II {va%ai)v* -{w^ l)U%w*aiw ® l){Uy{w* ® 1)) ^i|| < 1/n. 

We can show that Ym is Borel as before. Thus Y := Hm^"* Borel. Then 
{x,v,w) eY if and only if G Mr, (g) L'^{G), wM^^w* = Mr, and 

(id ® 5)(t;) = {v^ l)(a^ ® id)(tO, Adw o = (^ ® id) o o r\ 

where we have put 6 := Adt^lx^. By our assumption, Y is non-empty, and we 
get the Borel projection pr^^ : Y ^ X. 
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Then there exists a measurable cross section s: X Y with pr^^^ os = idx- 
We let s{x) = {x,v^,w^). Hence {v^}x and {w^}^ are measurable, and we set 

v:= G M® w:= w"" dfx{x) E / B{X)dfx{x). 

Jx Jx Jx 

Put 6 := Adw|]v[ and we obtain 

(id (g) 6){v) = (t> (g) 1)(« (g) id){v), Adv o a = {6 ® id) o /3 o 0^^. 

Thus we are done. 

(2). We first show that the following set is Borel: 

Z ■= {{x,w) G X X B{X)^ I Adw\u, G M(M^.)}- 

Take a norm dense sequence {(p^}k in L^b{x)(-^^ ^^"^^ ^^^^ {v^xIm^Ia: is norm 
dense in M^; for almost every x. For m G N, we define G X x B{%)^ which 
consists of elements (x, w) such that there exists £ G N satisfying the following 
conditions for all i, j, k = 1, . . . ,m: 

\\[waiw*,bl]^i\\ + \\[w*aiw,b^J^i\\ < 1/m, 

\\wflw*\M^ - al<^L(«x)lMj|(M,). < l/m, 
mairai-m\ + \\{ai{air-lM<l/m^ 

Then is Borel. 

We will show that Z = f]^Zm- Let {x,w) G f]^Z„^. Then 6* = Adw\M^ G 
Aut(M^), and for any e > and a finite set $ C (M^;);^, there exists an element 
a G (Mx)! such that 

||6'((/?) — aipa*\\ < e, 

\\a*a — + \\aa* — < e for all 99 G $. 

This implies that ^ is approximately inner by Lemma [9.121 Hence {x,w) G Z. 

Suppose conversely that {x,w) G Z. Put 9 := Adwl^t;!; ^ Int(M3;). Then 
for any e > and a finite $ C (M^:);;!', there exists a unitary u G M^; such 
that \\9{(p) — uipu*\\ < £ for (y9 G We can take a subsequence {a^"}n which 
converging to u in the strong* topology. Thus {x,w) G f]^Zm- 

Therefore Z = f]^ Zm, which is Borel. We modify Y defined above as follows: 

Y' ■.= Y n {{x, V, w) I (x, w) G Z}. 

By our assumption, Y' is non-empty, and we obtain the projection pr^^^ : Y' ^ X. 
Then we are done in a similar way to the above. □ 

As an application, we obtain the following result due to Kallman and Moore. 
See 123 Theorem 0.1] or jSHl Theorem 5]. 

Corollary 9.14 (Kallman, Moore). Any inner flow on a separable von Neumann 
algebra is implemented by a one-parameter unitary group. 
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Proof. Let a be such a flow on a von Neumann algebra M. Since a flxes Z(M), 
we obtain the central decomposition at = a^dn{x). Then is an inner 
flow on a factor M^; for almost every x. Since a T-valued 2-cocycle of R is a 
coboundary, is cocycle conjugate to the trivial flow idn^- The previous result 
implies a ~ id. □ 

9.3. Perturbation by continuous unitary path. Let ip he a. normal state on 
a von Neumann algebra M. We need the following basic inequalities: 

WwW < Ikllip, llv^a^ll < + Wv^W < W^Wf + < 2||x||^. 

< < < (||xv9|| + \\(px\\) ||x||/2. 

For ip G M^K, let ip = Wi\tp\ and = |V^*|'U^r be the left and right polar decom- 
positions, respectively. Then 

\\ijx\\ = \\\ij\x\\ < ||a;*|||^|, \\xtp\\ = \\x\ij*\\\ < \\x\\\^*\, 

In what follows, we assume that M = <S>'k'=i(^k, Pk) and ipo := <S>'k'=iPk is 
lacunary, i.e., 1 is isolated in Sp(A(pq), where is a flnite dimensional type I 
factor, and pk is a faithful normal state on L^. Denote := Li® ■ ■ ■ ® L^. Note 
that any injective tj^e II and IIIa factors with < A < 1 have such form (see 
[2]). Then we can strengthen Lemma [5.61 as follows. 

Proposition 9.15. Let M he an ITPFI factor as above. Let a and (3 be flow on 
M with mod(a() = mod(/3t) for all t G M. Then for any T > 0, e > and a finite 
set $ C M=K, there exists a continuous unitary path {u{t)}\t\<T such that 

\\Adu{t)oat{(f) - (3t{(p)\\ <e, for all (f e <l> , t e [-T,T]. 
We flrst recall some results proved in [5J. 

Lemma 9.16 (|5l Proposition 3.2, Lemma 2.7]). The following statements hold: 

(1) There exists a universal constant Cq > such that for any von Neumann 
algebra M and its faithful normal state ip, 

Mix) -x\\l< Coil + m[x,^]f^, teR. 

(2) Let M 6e a von Neumann algebra and (p G M=k a faithful lacunary state. 
Let E^p be the (f -preserving conditional expectation from M onto M<^. Then 
there exists a constant C^, which depends only on (p, such that for all 
a; G M, 

\\E^{x)-x\\l<C^\\[x,^]\\^. 
Proof. (1). See [5]. (2). Choose a positive / G L^(R) as follows; 

/ f{t)dt = l, [ \t\\f{t)\dt <oo, supp(/) n Sp(A^) = {1}, 

where /(A) = J^X''f{t)dt. Then = E^{x). Set := J^Co{l + \t\)\f{t)\dt 

and we are done. □ 

The following result can be found in [261 Lemma 3.2.1]. 
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Lemma 9.17. Let M be a finite von Neumann algebra with a normal tracial state 
T, and a G M such that \\a*a — 1||t- < 6. Then there exists a unitary f G M such 
that \\a — v\\r < (3 + ||a||)5. 

Lemma 9.18. Let $ C be a finite set, and assume v G [/(M) satisfies 

\\^ ■ (t; - 1)11 < e, \\{v - <e, ^ G 

Then there exists a continuous unitary path v(t), < t < 1, such that f (0) = 1, 
f (1) = V and 

Wif ■ (vit) - 1)11 < V2~e, \\{v{t) - l)ip\\ < v^, V. G 

Proof. Let v = ^^^e^^ de\ be the spectral decomposition of v. We set v{t) := 
/T^ e**^ de\. Then for all G $, we have 




e-^^ - irrf|<^|(eA) = \\v* - 111? I < \M ■ {v - l)\\\\v - 111 < 2e. 



Thus 

II^W*-1|Im= f \e-''^ - I? dM{e>) < r \e-^' - 1\' d\^\ie,) < 2e 

J —77 J —TV 

holds for < t < 1. Hence 

■ (vit) - < |||y.|-(t;(t)-l)|| < ||t;(t)*-l|||^| < v^. 
If we replace \ip\ with \{p*\ above, then we get 

||(^;(t)-l)y.||<v^. 

□ 

Lemma 9.19. Let a and /3 be as in Proposition \9.15[ For any k E N, a finite 
set F C Lk, T > 0, and e > 0, there exists a continuous unitary path {M(t)}|t|<T 
such that 

\\Adu{t)oat{ipoa) - (3t{ipoa)\\ <e, a E F, t E [-T,T]. 

^ 1 /2 ^ 

Proof. Let m := ( dimZfc) and {eij}i<i,j<m a system of matrix units of Lk. We 
may assume that {1} U {eij}ij C F C Mi. Set 

$0 := {^oa I a E F}, $ := {aipo | a G F} U {ipoa | a G F}. 

Let e' > 0. Fix G N with > m so that if \t\ < T/N and if E^, 

\\at{v) - I3t{v)\\ < e'/Am, \\at{^) - ^\\ < e'/Am, ||A((^) - <^|| < e' /Am. (9.3) 

Set to •= T /N . Since cxt(3^^ E Int(M) for all t G M, we can take an at^-cocycle 
{wnjnez such that 

IIAd Wn° OLntoiv) - [^ntQ{^)\\ < s /Am, \n\ < N , (p E . (9.4) 

Set w := Wi, B := at^iLk), := "iolv^o), * := (^toi^) and fij := ato(eij). We 
will find a continuous unitary path w(t), < t < to so that w{t) connects 1 and 

105 



w, and Ad w{t) o at approximates (3t on F. Note Sp(A^(,) = Sp(A^(,). Thus we 
can assume C^^ = C^p^ in Lemma ID. 161 Using (19 ■4p . we have 

Thus for ip = afo(v^) G we have 

||[w;,^]|| = ||Adii;(^)-^|| 

< ||Ad^(^) - Ao<(^)ll + IIA„(^) - «*o(^)ll 

< eV2m. (9.5) 

Since ipoyi^ofij G we have 

11^0 ■ (wfij - fijW)\\ < \\lpoWfij - Wl/jofijW + \\[w,1pofij]\\ 

< WlpoW - WipoW + \\[w,'llJof,j]\\ 

< e jm. 

In the same way, we have \ {wjij — /jjw)'?/'o|| < ^' jm. 

Let E{x) = Ylij fij^fji- Then ii^ is a conditional expectation from M onto 
B' n M. Set c := E{w), and then 

11^0 ■ic-w)\\<^J2 llV^o • (fiJ^fji - ^fijfji)\\ ll^ot^' ^^^-lll < 

We also have ||(c — w)^/'o|| < Using ( 19.50 . we obtain 

||[c,Vo]|| < ||[«;,^o]|| + 11^0 ■ ic-w)\\ + ||(c-^)^o|| < Se'. 
Since \\w — c||^o < e' and ||(w — c)*||^„ < e', we have 

||u;-c||J,,, < Vi'. (9.6) 

Set d := E^^^{c). Note that (i G (-B' fl M)^^, and Sp(A^o|B'nM) C Sp(A<^o). 
Thus we can assume C^qIB'om = by the definition of C<^(, in Lemma [9. 161 By 
the lemma, 

||rf-c||i„<C^J|[c,^o]||^<C^^oV3?- 
Hence by (19. 6p . we get 

||^-d||io<V^(l + C^o)- 
We should note that [x, ^Z)] = for x G (-B' fl M)^(, and t/) G since ^ = 
{6Vo,V'o& I & G «to(F)} and at„(F) C at^{Lk) = B. We have 

\\d*d - < - w*d\\^,^ + - w*w\\^q 
< \\d* - w*||v.o + \\d - w||^o 
<2V3?(1 + C^J. 
Thus by Lemma [9.171 we can take a unitary v G {B' fl M),/,(, such that 
\\d-vU, = \\d-v\\l^<8V3Pil + C^,). 
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Then setting e" := e' + 8a/3P^(1 + C^o), we obtain 

\\^-v\\,<e". (9.7) 

Let v(t) G {B' n M)^(,, to/2 < t < be a continuous path of unitaries with 
v{to/2) = V and v{to) = 1. Set u{t) := wv{ty. Note that (5' n M)^^ C M^^. 
Since ['y(t), ^p] = for all ■i/' G for all G we have 

\\Adu{t)oat,{if)-^to{v)\\ = \\AdwoatM-PuAv)\\<e'/Am. (9.8) 
We will find a path which connects 1 and wv*. For b G atQ(F), we obtain 

WiiJob) ■ {wv* - = W^obw ~ iJobvW 

< ||[V'o&,w]|| + \\w^ob - ^povb\\ 

< \\[ilJob,w]\\ + \\wi)o -'ipovW 

< \\[ilJob,w]\\ + \\[w,ilJo]\\ + W^ow - tPovW 
<e' + 2e" by (1131), dnSl), (EZD, 

and by (lOTD . 

1)^0^11 = ||(«;-t;)^o^6|| < ||(«; - t;)^o|| < 2£". 

Hence by Lemma [9.181 there exists a continuous unitary path u(t), < t < to/2 
such that u(0) = 1 , u(to/2) = wv* and 

||(^z(t)-l)^oa|| < y/2{e' + 2e"), ||(^oa)-Kt)-l)|| < V'^ie' + 2e"), a G ^^^(F). 

Summarizing the inequalities (19. 3p and (19. 8p . we get a continuous unitary path 
u{t), < t < to) such that m(0) = 1, M(to) = w, and 

||AdM(t) o atM - f3t,{^)\\ < 2^2{e' + 2e") + e', G $o, < t < to- 
Then we have 

Wkduit) o at{^) - < 2^2{e' + 26") + 2^', G $0, < t < to- 

For t G [— T, T], let t = nto + s, < s < to, and define u(t) := w„a„f(,(M(s)). 
Then u{t) is a continuous unitary path and for (/? G $0) 

\\Adu{t)oat{y^)-f3t{^)\\ 

= \\AdWn o a„io o Adu(s) o ^^(y^) - (3nto o 

< ||Adt(;„ o Onto o AdM(s) o asi^p) - Adu;„ o a„to o /3s(v3)|| 

+ ||Adw„ O anto O (3s{^) - Pnto ° /3s(V5)|| 

< ||AdM(s) o as{ip) - (5s{v)\\ + ^'/m + ||Adw„ o anuXv) - PnuXx)\\ 

< 2^2{e> + 2e") + Se' bv f lO]) . 

For any given £ > 0, we choose e' as 2a/2(£:' + 2e") + Se' < e, and we get the 
conclusion. □ 
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Proof of Proposition WAR Let $ := {ipi}'^^^ be a finite set of M*. Since tlie set 
{v^o*^ I G Ufcli -^fc} is dense in M^,, tliere exist A; > and {ai}^^^ C sucli tliat 
— v^oc^ill < ^/3. By Lemma [9.19[ tfiere exists a continuous patli of unitaries 
u{t), \t\ < T, sucli tfiat 

||AdM(t) o atiipotti) - f3t{ipQai)\\ < e/3, I < i < n, |t| < T. 

Tlien we obtain 

||AdM(t) o ati^i) - (3t{^i)\\ <e, l<t<n, \t\<T. 

□ 
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